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Abstract. We present a classification scheme for mirror periodic quantum spin chains with

nearest neighbor couplings whose eigenstates can be expressed in analytically closed form
in terms of hypergeometric polynomials. These chains of arbitrary finite length exhibit a

strong state transfer property, according to which the mirror image of a state is periodically

reconstituted. We also construct their continuous space limit using the limit relations between
hypergeometric polynomials in the Askey scheme.

1. Introduction

Applications to quantum information theory have motivated the interest in the design of
quantum spin chains that implement interesting logic operations. In a recent paper [1], Albanese
et al. have considered the problem of engineering a chain able to execute the operation of mirror
inversion. More precisely, the authors considered a quantum spin chain with nearest neighbor
couplings whose Hamiltonian can be written as follows in the spin representation:

(1.1) H =
1
2

N−1∑
x=0

Jx

(
σ(1)

x · σ(1)
x+1 + σ(2)

x · σ(2)
x+1

)
+

1
2

N∑
x=0

hx(σ(3)
x − 1)

where σ(1)
x , σ

(2)
x , σ

(3)
x are Pauli matrices. We denote the wavefunctions Φ(s0, . . . , sN ) where sk is

the projection of the spin of the electron on the kth site and can take values up or down.
In the equivalent particle representation, up spins are identified with sites where a particle is

present and down spins with empty sites. Since the particle number is conserved, it is legitimate
to restrict to sectors with a fixed number of particles M ≥ 0 and write wavefunctions in that
sector as Ψ(x1, . . . , xM ). In second quantization notations, the Hamiltonian operator in the M
particle sector can be written as follows:

(1.2) H =
N−1∑
x=0

Jx(a†xax+1 + a†x+1ax) +
N∑

x=0

hxa
†
xax,

where ax, a†x are the creation and annihilation operators for lattice Bosons with hard-core re-
pulsion.

Let R be the reflection operator acting as follows in the Bose-Fock sector with fixed number
M of particles:

(1.3) RΦ(s0, . . . , sN ) = Φ(sN , . . . , s0)

in the spin representation and

(1.4) RΨ(x0, . . . , xM ) = Ψ(N − x0, . . . , N − xM )

in the particle representation. The operator H is called mirror periodic of period ω in case

(1.5) eiωH = R.

In [1], the authors give two examples of mirror periodic quantum spin chains whose eigen-
functions can be expressed in analytically closed form in terms of hypergeometric polynomials
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in the discrete Askey-Wilson series [2], namely the Krawtchouk and Hahn polynomials [5]. In
[4], it was noticed that more general quantum spin chains can be constructed by numerically
solving an inverse spectral theorem. This method is however limited to short chains by prac-
tical considerations. In [7], the Hamiltonian for the system is determined after freely choosing
the eigenvalue spectrum. The spectrum is thus more general than linear or quadratic, but the
eigenfunctions are not known in closed form.

In this article, we solve instead the problem of classifying all possible generalizations of the
quantum spin chain in [1] such that the eigenfunctions can be computed in analytically closed
form by means of hypergeometric polynomials. We extend the known solutions to eigenfunctions
built upon the Racah polynomials, the most general polynomials of the Askey scheme, and
find explicit conditions on the eigenvalues for the dynamics to be mirror-periodic. We also
demonstrate how the solution in [1] is recovered within this scheme and how the result can be
extended to the case of zero lattice spacing for the spin chain, i.e. to the continuous limit.

The paper is organized as follows. In Section 2, we recall the proof of the necessary and
sufficient conditions on the eigenfunctions and corresponding eigenvalues for the dynamics to
enjoy the mirror-periodicity property. We then prove the main classification result which states
the conditions under which a mirror-periodic Hamiltonian has quadratic eigenvalues with cor-
responding eigenfunctions expressed in terms of the Racah polynomials. We then show how to
recover the results obtained in [1]. The Hahn quantum spin chain is treated in Section 3 and the
Krawtchouk quantum spin chain in Section 4. Section 5 contains the continuous limits, for which
the eigenfunctions are expressed in terms of the Gegenbauer (or ultraspherical) polynomials, the
Chebyshev polynomials and the Hermite polynomials respectively.

2. Mirror-periodic Racah quantum spin chains

The construction is based on the following result established in [1], for which we recall the
proof.

Theorem 2.1. The ground state energy of H is zero in the one particle sector. The eigenvalues
of H in the M particle sector are given by

(2.1) En1,...,nM
=

M∑
i=1

Eni

for all sequences 0 ≤ n1 < . . . < nM ≤ N . The corresponding eigenfunction Ψ(x1, . . . , xM ) in
the particle representation is given by the Slater determinant:

(2.2) Ψ(x1, . . . , xM ) =
1√
M !

∣∣∣∣∣∣∣
ψn1(x1) · · · ψn1(xM )

...
. . .

...
ψnM

(x1) · · · ψnM
(xM )

∣∣∣∣∣∣∣
in the sector x1 < . . . < xM , while for more general values of the arguments (x1, . . . , xM ), the
wavefunction Ψ(x1, . . . , xM ) can be obtained by symmetrization.

The Hamiltonian H is mirror periodic of period ω = qπ (q ∈ Z) if and only if the eigen-
functions ψn(x) and corresponding eigenvalues λn of the single particle Hamiltonian H1, which
solve

(2.3) H1ψn(x) = λnψn(x),

have the following two properties for all n, x = 0, . . . , N :
(i) λn = n

q mod 2
q ,

(ii) ψn(N − x) = (−1)nψn(x).

Proof. The proof proceeds in two steps: we first focus on the one particle sector and then extend
the result to all other sectors by using Fermionization techniques similar to those introduced by
Lieb and Wu in [6].
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The one-particle Hamiltonian H1 is defined on the Hilbert space l2(ΛN ), with ΛN = {0, 1, . . . , N},
supported on the chain of N + 1 sites labeled by x ∈ ΛN and has the form

(2.4) H1ψ(x) = Jxψ(x+ 1) + Jx−1ψ(x− 1) + hxψ(x).

We first show that the Hamiltonian H1 is mirror periodic of period ω = 4π if and only if its
eigenfunctions ψn(x) and corresponding eigenvalues λn satisfy conditions (i) and (ii) of the
theorem. Let φ0(x) ∈ l2(ΛN ) be any initial condition. φ0(x) can be expanded as follows:

(2.5) φ0(x) =
N∑

n=0

anψn(x).

Noticing that

(2.6) φ0(N − x) =
N∑

n=0

anψn(N − x) =
N∑

n=0

(−1)nanψn(x)

and that

(2.7) e−iqπλn = (−1)n

proves the following

(2.8) e−itH1φ0(x) = φ0(N − x)

in case t = qπ mod q2π. The converse follows from the same argument.
The second part of the argument uses the Fermionization technique first introduced by Lieb

and Wu in [6]. Consider now the restriction HM of the Hamiltonian H to the sector with M
particles. Wavefunctions of HM have the form Ψ(x1, . . . , xM ; t) and are fully symmetric in the
arguments. To find solutions of the dynamical equations it is convenient to consider the function
Φ(x1, . . . , xM ; t) which is however completely antisymmetric with respect to all of its arguments
and is such that

(2.9) Φ(x1, . . . , xM ; t) = Ψ(x1, . . . , xM ; t)

in case the arguments are ordered so that x1 < . . . < xM . The wavefunction Φ describes a system
of Fermions with their spins aligned in the same direction, as opposed to the wavefunction Ψ
which describes spinless Bosons. One crucial point is that the function Φ(x1, . . . , xM ; t) also
satisfies the equations of motion

(2.10) i
∂

∂t
Φ(x1, . . . , xM ; t) = HMΦ(x1, . . . , xM ; t).

This is due to the fact that the Hamiltonian HM includes a hard-core repulsion term, so two
particles cannot both sit on the same site. Hence, the spectrum on HM is the same in the
two sectors and the corresponding eigenfunctions are equal in case arguments are ordered, i.e.
x1 < . . . < xM . The other important remark is that in the Fermion representation the hard
core term in HM is ineffectual as two electrons cannot both be on the same site due to the
Pauli exclusion principle. Hence the spectrum of the Hamiltonian HM can be constructed as
the sum of the single particle spectra, except that states where one of these states is multiply
occupied are forbidden by the exclusion principle. The statement of the theorem follows from
these considerations. �

We now define the Racah quantum spin chain as the most general quantum spin chain with
eigenfunctions expressed using hypergeometric polynomials in the Askey scheme and give a
constructive proof for the expression of the normalized eigenfunctions and eigenvalues.

Definition 2.2. The Racah quantum spin chain is defined as the quantum spin chain modeled by
the Hamiltonian of the form (1.1) with nearest neighbor exchange couplings Jx, x = 0, . . . , N−1
specified as follows:

(2.11) Jx =
B(x)
|B(x)|

√
B(x)D(x+ 1)
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and the Zeeman term given by

(2.12) hx = −B(x)−D(x)

with B(x) and D(x) directly related to the Racah polynomials and defined as

B(x) = 4
(x+ α+ 1)(x+ β + δ + 1)(x−N − δ)(x−N)

(2x−N)(2x+ 1−N)
,

D(x) = 4
x(x− α−N − 1)(x− β − δ −N − 1)(x+ δ)

(2x−N − 1)(2x−N)
.(2.13)

Mirror symmetry implies the following conditions on the Hamiltonian:

(2.14) Jx = JN−x−1 and hx = hN−x.

In the case of the Racah chain, the latter is satisfied if and only if the relation

(2.15) γ + δ + 1 = −N

holds for the functions B(x) and D(x) defined by (A.6) in their generality. Furthermore, for
the Hamiltonian to be well defined for all x ∈ ΛN , we need one extra condition in the following
table:

1. N even 2. N odd
α+ 1 = −N/2 α+ 1 = −N−1

2

β + δ + 1 = −N/2 β + δ + 1 = −N−1
2

δ = −N/2 δ = −N+1
2

This last condition sets the choice of family for the Racah polynomials on a half-chain. The three
solutions for N even in the left column are equivalent, since all cases yield the same Hamiltonian
with only two independent parameters. The same remark holds for the right column, N odd.
The case N even is however to be distinguished from the case N odd.

2.1. Racah chain with an odd number of sites (N even). Without loss of generality for
N even, we take δ = −N/2. The Hamiltonian is then defined through:

B(x) = 2
(x−N)(x+ α+ 1)(x+ β + 1−N/2)

(2x−N + 1)

D(x) = 2
x(x− α−N − 1)(x− β − 1−N/2)

(2x−N − 1)
.(2.16)

Some obvious conditions must be placed on α, β such that the Jx remain real for all x ∈ ΛN :

(2.17)
{
α ∈ R \ [−N,−1]
β ∈ (−1, 0) or

{
α ∈ (−N

2 − 1,−N
2 )

β ∈ R \ [−N
2 ,

N
2 − 1].

The two sets of conditions are equivalent under a shift in the parameters α and β by ±N
2

respectively. So we only require the set of conditions on the left. We then solve the eigenvalue
equation for the single-particle Hamiltonian to obtain the following:

(1) For n ≤ N/2, we get all the mirror symmetric solutions:

(2.18) ψn(x) =
1
dn

√
w(x) Rn(λ(x)).

Rn(λ(x)) are the Racah polynomials (defined by (A.1)) on the half-lattice x ∈ [0, . . . , N/2]
which extend by mirror symmetry to the whole lattice ΛN :

Rn(λ(x)) = 4F3

(
−n, n+ α+ β + 1,−x, x−N
α+ 1, β + 1−N/2,−N/2

∣∣∣∣∣ 1

)
.

The weight, given by (A.3), reduces to

(2.19) w(x) =
(α+ 1)x(β + 1−N/2)x(−N)x

(−α−N)x(−β −N/2)xx!
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and the normalization factor is

d2
n = 2 M

(n+ α+ β + 1)n(α+ β +N/2 + 2)n(α+N/2 + 1)n(β + 1)nn!
(α+ β + 2)2n(α+ 1)n(β −N/2 + 1)n(−N/2)n

with

M =
(α+ β + 2)N/2(N/2)N/2

(α+N/2 + 1)N/2(β + 1)N/2
.

The corresponding eigenvalue is

(2.20) λn = 2n(2n+ 2α+ 2β + 2).

(2) For n > N/2, we get all the mirror anti-symmetric solutions which are not given in
terms of Racah polynomials but are still 4F3 hypergeometric functions, which we write
as follows:

(2.21) ψn(x) =
1
dn

√
w(x) RN−n−β(λ(x))

(
1{x≤N/2} − 1{x>N/2}

)
where

RN−n−β(λ(x)) = 4F3

(
β + n−N,N − n+ α+ 1,−x, x−N

α+ 1, β + 1−N/2,−N/2

∣∣∣∣∣ 1

)
and the weight remains the same as (2.19), with corresponding eigenvalue

(2.22) λn =
(
2(N − n) + 1− (2β + 1)

)(
2(N − n) + 1 + 2α+ 1

)
.

The normalization factor is

d2
n = 2 M

(N − n+ α− β + 1)N−n(α− β +N/2 + 1)N−n(α+N/2 + 2)N−n

(α− β + 2)2(N−n)(α+ 1)N−n(−β −N/2)N−n(1−N/2)N−n

· (1− β)N−n(N − n)!

with

M =
(α− β + 2)N/2−1(N/2 + 1)N/2−1

(α+N/2 + 2)N/2−1(1− β)N/2−1
.

2.2. Racah chain with an even number of sites (N odd). The solution for N odd is
obtained in a similar way. Once again, without loss of generality, we choose the condition
δ = −N+1

2 . The Hamiltonian is then well defined through:

B(x) = 2
(x−N)(x+ α+ 1)(x+ β −N/2 + 1/2)

(2x−N)
,

D(x) = 2
x(x− α−N − 1)(x− β −N/2− 1/2)

(2x−N)
.(2.23)

α, β are moreover conditioned to Jx being real for all x ∈ ΛN . The sets of conditions on α and
β are either

(2.24)
{
α ∈ R \ [−N,−1]
β ∈ (−1, 1) or

{
α ∈ (N−3

2 , N+1
2 )

β ∈ R \ [−N−1
2 , N−1

2 ]

which are equivalent under a shift in the parameters. So we only require the one on the left. We
then solve the eigenvalue equation for the Hamiltonian operator.

(1) for n ≤ N−1
2 , we get all the mirror symmetric solutions:

(2.25) ψn(x) =
1
dn

√
w(x) Rn(λ(x))

where the Racah polynomials are

Rn(λ(x)) = 4F3

(
−n, n+ α+ β + 1,−x, x−N

α+ 1, β + 1/2−N/2, 1/2−N/2

∣∣∣∣∣ 1

)
,
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the weight is given by

(2.26) w(x) =
(α+ 1)x(β + 1/2−N/2)x(−N)x(1−N/2)x

(−α−N)x(−β + 1/2−N/2)xx!(−N/2)x

and the normalization factor is

d2
n = 2 M

(n+ α+ β + 1)n(α+ β +N/2 + 3/2)n(α+N/2 + 3/2)n(β + 1)nn!
(α+ β + 2)2n(α+ 1)n(β −N/2 + 1/2)n(−N/2 + 1/2)n

with

M =
(α+ β + 2)N−1

2
(N/2 + 1/2)N−1

2

(α+N/2 + 3/2)N−1
2

(β + 1)N−1
2

.

The corresponding eigenvalue is

(2.27) λn = 2n(2n+ 2α+ 2β + 2).

(2) for n ≥ N+1
2 , we get all the mirror anti-symmetric solutions which are given in terms

4F3 hypergeometric functions:

(2.28) ψn(x) =
1
dn

√
w(x) RN−n−β(λ(x))

(
1{x<N/2} − 1{x>N/2}

)
where

RN−n−β(λ(x)) = 4F3

(
β + n−N,N − n+ α+ 1,−x, x−N
α+ 1, β + 1/2−N/2, 1/2−N/2

∣∣∣∣∣ 1

)
.

The weight remains the same as (2.26), but the normalization factor is slightly different,

d2
n = 2 M

(N − n+ α− β + 1)N−n(α− β + N+3
2 )N−n(α+ N+3

2 )N−n

(α− β + 2)2(N−n)(α+ 1)N−n( 1−N
2 − β)N−n( 1−N

2 )N−n

· (1− β)N−n(N − n)!

with

M =
(α− β + 2)N−1

2
(N/2 + 1/2)N−1

2

(α+N/2 + 3/2)N−1
2

(1− β)N−1
2

.

The corresponding eigenvalue is given by

λn =
(
2(N − n) + 1− (2β + 1)

)(
2(N − n) + 1 + 2α+ 1

)
.

ForN both even and odd, we conclude that the mirror symmetry property, ψn(x) = ψn(N−x),
in case n ≤ N/2, is easily verified since

(2.29) Rn(λ(x)) = Rn(λ(N − x)) and w(x) = w(N − x).

In case n > N/2, the same reasoning with

(2.30) RN−n−β(λ(x)) = RN−n−β(λ(N − x)) and w(x) = w(N − x)

yields the mirror anti-symmetry property: ψn(x) = −ψn(N − x).
The latter result hence gives condition (ii) in Theorem 2.1. It remains to show that condition

(i) holds as well. That is, for a period ω = qπ (q ∈ Z), the propagator offsets the phase acquired
by mirror-periodicity. The two cases for N even and odd can be treated simultaneously. We
first recast the symmetric and anti-symmetric eigenvalues into

(2.31) λk =
{
k(k + 2α+ 2β + 2) if k ∈ 2Z(
k − (2β + 1)

)
(k + 2α+ 1) if k ∈ 2Z + 1.

To offset the phase, Theorem 2.1 requires

(2.32) e−iωλk = (−1)k,

which leads to the following conditions on α, β:
• for k even, e−iqπλk = 1 implies:

(2.33) 2q(α+ β) ∈ Z.



CLASSIFICATION OF SOLVABLE MIRROR-PERIODIC QUANTUM SPIN CHAINS 7

• for k odd, e−iqπλk = −1 implies:

(2.34) 2q(k + 1)(α− β)− 4qα(β + 1) ∈ 2Z + 1.

The second condition yields

(2.35) 4qα(β + 1) ∈ 2Z + 1

since k + 1 is even. When combining it to the first one, we get

(2.36) 4qβ(α− 1) ∈ 2Z + 1.

The two requirements thus imply the following general form for the parameters α and β:

(2.37) α =
2p1 + 1

2q1
β =

2p2 + 1
2q2

where p1, p2, q1, q2 ∈ Z with q1q2 = q.

3. Mirror-periodic Hahn quantum spin chains

The result on the Hahn quantum spin chain derived in [1] is easily recovered from the Racah
quantum spin chain.

Definition 3.1. The Hahn quantum spin chain is defined as the quantum spin chain modeled by
the Hamiltonian of the form (1.1) with nearest neighbor exchange couplings Jx, x = 0, . . . , N−1
specified as follows:

(3.1) Jx =
√

(x+ α+ 1)(x−N)(x+ 1)(x− α−N)

and the Zeeman term given by

(3.2) hx = −(x+ α+ 1)(x−N)− x(x− α−N − 1).

Proposition 3.1. The Hahn quantum spin chain is recovered from the Racah quantum spin
chain by setting β = − 1

2 . Moreover, it satisfies the mirror-periodicity property of period ω = qπ

if and only if α =
2p+ 1

2q
with p ∈ Z.

Proof. Setting β = − 1
2 in equivalently (2.16) or (2.23) yields the Hamiltonian in Definition 3.1.

The solutions to the eigenvalue equation for the single-particle Hamiltonian are

(3.3) ψk(x) =
1
dk

√
w(x) Qk(x;α, α,N)

for k = 0, . . . , N and with

Qk(x;α, α,N) = 3F2

(
−k, k + 2α+ 1,−x

α+ 1,−N

∣∣∣∣∣ 1

)
.

The weight is given by

w(x) =
(
α+ x
x

)(
α+N − x
N − x

)
and the normalization factor is

d2
k =

(−1)k(k + 2α+ 1)N+1k!
(2k + 2α+ 1)(−N)kN !

.

Clearly, we have w(N − x) = w(x). Now consider the generating function relation

(3.4) 1F1

(
−x
α+ 1

∣∣∣∣− t

)
1F1

(
x−N
α+ 1

∣∣∣∣t) =
N∑

k=0

(−N)k

(α+ 1)kk!
Qk(x;α, α,N)tk

from which we deduce

(3.5)
N∑

k=0

(−N)k

(α+ 1)kk!
Qk(N − x;α, α,N)(−t)k =

N∑
k=0

(−N)k

(α+ 1)kk!
Qk(x;α, α,N)tk.
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It follows that

(3.6) Qk(x;α, α,N) = (−1)kQk(N − x;α, α,N).

So ψk(x) is either reflection symmetric or anti-symmetric. The corresponding eigenvalue is

λk = k(k + 2α+ 1).

Conditions (2.37) imply α =
2p+ 1

2q
, where p is an integer, such that e−iqπλk = (−1)k. �

4. Mirror-periodic Krawtchouk quantum spin chains

The mirror-periodicity property in the Krawtchouk quantum spin chain was already discovered
in [1]. In an even earlier work, Atakishiev et al. [3] used the Krawtchouk polynomials as a basis
for quantum chains admitting periodic solutions. We show how the mirror-periodicity result fits
into the classification framework.

Definition 4.1. The Krawtchouk quantum spin chain is defined as the quantum spin chain
modeled by the Hamiltonian of the form (1.1) with nearest neighbor exchange couplings Jx,
x = 0, . . . , N − 1 specified as follows:

(4.1) Jx =
1
2

√
(N − x)(x+ 1)

and the Zeeman term given by

(4.2) hx =
N

2
.

Proposition 4.1. The Krawtchouk quantum spin chain is recovered from the Racah quantum
spin chain by setting β = − 1

2 and taking the limit α → ∞. Moreover, it satisfies the mirror-
periodicity property of period ω = π.

Proof. Once rescaled by 1
2α , the Hahn Hamiltonian converges in the limit α → ∞ to the

Krawtchouk Hamiltonian in Definition 4.1. The solutions to the eigenvalue equation for the
single-particle Hamiltonian converge to

(4.3) ψk(x) =
1
dk

√
w(x) Kk

(
x;

1
2
, N

)
for k = 0, . . . , N and with

Kk

(
x;

1
2
, N

)
= 2F1

(
−k,−x
−N

∣∣∣∣∣ 2

)
.

The ratio of the weight and normalization factor converges to

w(x) =
1

2N

N !
Γ(x+ 1)Γ(N − x+ 1)

over d2
k =

(−1)kk!
(−N)k

.

The reflection symmetry w(N − x) = w(x) is obvious. In the limit α→∞, (3.6) converges to

(4.4) Kk

(
x;

1
2
, N

)
= (−1)kKk

(
N − x;

1
2
, N

)
.

So ψk(x) is either reflection symmetric or anti-symmetric. The corresponding eigenvalue, once
divided by 2α, converges to

λk = k,

which implies e−iωk = (−1)k if and only if the period ω = π mod 2π. �

5. Mirror-periodicity in the continuous limit

Discrete orthogonal polynomials of the Askey scheme converge to continuous orthogonal poly-
nomials under specific limit relations described in the Askey scheme [5]. We investigate the
consequence of these relations on the mirror-periodicity property.



CLASSIFICATION OF SOLVABLE MIRROR-PERIODIC QUANTUM SPIN CHAINS 9

5.1. The Gegenbauer or ultraspherical continuous limit.

Definition 5.1. The Gegenbauer or ultraspherical polynomials are the Jacobi polynomials re-
stricted to α = β = λ− 1

2 (λ 6= 0) and with another normalization:

(5.1) C
(λ)
k (z) =

(2λ)k

k! 2F1

(
−k, k + 2λ
λ+ 1

2

∣∣∣∣∣ 1− z

2

)
for k = 0, 1, 2, . . . and z ∈ [−1, 1].

The ultraspherical polynomials can be obtained from the Hahn polynomials by rescaling
x 7→ N

2 (1− z) before taking the limit N →∞:

(5.2) lim
N→∞

Qk

(
N

2
(1− z);λ− 1

2
, λ− 1

2
, N

)
=
C

(λ)
k (z)

C
(λ)
k (1)

where z ∈ [−1, 1].

Proposition 5.1. The ultraspherical continuous limit is obtained from the Hahn quantum spin
chain by rescaling x 7→ N

2 (1−z) before taking the limit N →∞. It satisfies the mirror-periodicity
property of period ω = qπ if and only if

(5.3) λ− 1
2

=
2p+ 1

2q
where p is an integer.

Proof. The Hamiltonian has the continuous limit on [−1, 1]:

(5.4) H = (1− z2)
∂2

∂z2
− (2λ+ 1)z

∂

∂z
and satisfies a reflection symmetry condition with respect to z = 0. The solutions to the
eigenvalue equation are

(5.5) ψk(z) =
1
dk

√
ρ(z) C(λ)

k (z)

where
ρ(z) = (1− z2)λ− 1

2

and

d2
k =

π Γ(k + 2λ)21−2λ

{Γ(λ)}2(k + λ)k!
.

The invariant measure is symmetric about the axis z = 0: ρ(−z) = ρ(z). The generating
function, given by

(5.6) (1− 2zt+ t2)−λ =
∞∑

k=0

C
(λ)
k (z)tk,

implies

(5.7) C
(λ)
k (z) = (−1)kC

(λ)
k (−z).

So the solution ψk(z) is either symmetric or anti-symmetric about the axis z = 0. The corre-
sponding eigenvalue is

(5.8) λk = k(k + 2λ).

Condition (5.3) is then straightforward from Proposition 3.1. �

Remark 5.2. The Jacobi polynomials are the most general hypergeometric polynomials orthog-
onal with respect to a measure with support on the real line. The Racah polynomials do not
have a continuous limit, whereas the Hahn polynomials converge to the Jacobi polynomials. The
restrictions on α in the Hahn case imply that the ultraspherical continuous limit gives the most
general solvable mirror-periodic continuous solutions.
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5.2. The Chebyshev continuous limit.

Definition 5.3. The Chebyshev polynomials of the first kind are the ultraspherical polynomials
in the case λ = 0 and with another normalization:

(5.9) Tk(z) = 2F1

(
−k, k

1
2

∣∣∣∣∣ 1− z

2

)
for k = 0, 1, . . . and z ∈ [−1, 1].

Proposition 5.2. The Chebyshev continuous limit is obtained from the ultraspherical continuous
limit in the case λ = 0. It satisfies the mirror-periodicity property of period ω = π.

Proof. The Hamiltonian operator on [−1, 1], given by

(5.10) H = (1− z2)
∂2

∂z2
− z

∂

∂z
,

satisfies a reflection symmetry condition with respect to z = 0. The solutions to the eigenvalue
equation are

(5.11) ψk(z) =
1
dk

√
ρ(z) Tk(z)

where the invariant measure is ρ(z) = (1 − z2)−1 and the normalization factors d2
k = π

2 for
k = 1, 2, . . . and d2

0 = π. The invariant measure is symmetric about the axis z = 0: ρ(−z) = ρ(z).
The generating function, given by

(5.12)
1− zt

1− 2zt+ t2
=

∞∑
k=0

Tk(z)tk,

implies

(5.13) Tk(z) = (−1)kTk(−z).

So the solution ψk(z) is either symmetric or anti-symmetric about the axis z = 0. The corre-
sponding eigenvalue,

(5.14) λk = k2,

implies mirror-periodicity of period ω = π. �

5.3. The Hermite (or harmonic oscillator) continuous limit.

Definition 5.4. The Hermite polynomials are defined as follows:

(5.15) Hk(z) = (2z)k
2F0

(
−k

2 ,−
k−1
2

−

∣∣∣∣∣ − 1
z2

)
for k = 0, 1, . . . and z ∈ R.

The Hermite polynomials can be obtained from the ultraspherical polynomials by taking
α = λ− 1

2 and letting α→∞ as follows:

(5.16) lim
α→∞

α−
k
2C

(α+ 1
2 )

k

(
z√
α

)
=

1
k!
Hk(z).

Proposition 5.3. The Hermite continuous limit is obtained from the ultraspherical continuous
limit by rescaling z 7→ z√

α
, for α = λ − 1

2 , before taking the limit α → ∞. It satisfies the
mirror-periodicity property of period ω = π.

Proof. The Hamiltonian rescaled by 1
2 has the following continuous limit on R:

(5.17) H =
1
2
∂2

∂z2
− z

∂

∂z
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and satisfies a reflection symmetry condition with respect to z = 0. The solutions to the
eigenvalue equation are the normalized Hermite functions

(5.18) ψk(z) =
1√

2kk!
√
π
e−

z2
2 Hk(z).

ψk(z) is either symmetric or anti-symmetric about the axis z = 0. The corresponding eigenvalue
is

(5.19) λk = k,

which implies mirror-periodicity of period ω = π. �

Remark 5.5. The Hermite continuous limit can also be obtained from the Krawtchouk quantum
spin chain as the Hermite polynomials satisfy the following limit relation:

(5.20) lim
N→∞

√(
N
k

)
Kk

(
N

2
+

√
N

2
z;

1
2
, N

)
=

(−1)k

√
2kk!

Hn(z)

where z ∈ R.

Remark 5.6. The latter Hamiltonian is related to the harmonic oscillator Hamiltonian through
the gauge transformation g(z) = exp

(
z2

2

)
:

(5.21) g−1H g =
1
2
∂2

∂z2
+

1
2
(1− z2).

Appendix A. Definitions and properties of the Racah polynomials

Definition A.1. The Racah polynomials Rn(λ(x)) := Rn(λ(x);α, β, γ, δ) are defined as follows:

(A.1) Rn(λ(x);α, β, γ, δ) = 4F3

(
−n, n+ α+ β + 1,−x, x+ γ + δ + 1

α+ 1, β + δ + 1, γ + 1

∣∣∣∣∣ 1

)
where 4F3 is a hypergeometric function, λ(x) = x(x + γ + δ + 1), n = 0, 1, 2, . . . , N and x
belongs to the lattice ΛN = {0, 1, 2, . . . , N}. The Racah polynomials are moreover conditioned
to belonging to one of the three families:

1. α+ 1 = −N ,
2. β + δ + 1 = −N ,
3. γ + 1 = −N .

The Racah polynomials satisfy an orthogonality relation with respect to a discrete measure
supported on the set ΛN . Namely,

(A.2)
∑

x∈ΛN

Rm(λ(x))Rn(λ(x))w(x) = d2
nδnm

where the weight w(x) := w(x;α, β, γ, δ) is given by

(A.3) w(x) =
(α+ 1)x(β + δ + 1)x(γ + 1)x(γ + δ + 1)x((γ + δ + 3)/2)x

(−α+ γ + δ + 1)x(−β + γ + 1)x((γ + δ + 1)/2)x(δ + 1)xx!
and the normalization factor is

(A.4) d2
n = M

(n+ α+ β + 1)n(α+ β − γ + 1)n(α− δ + 1)n(β + 1)nn!
(α+ β + 2)2n(α+ 1)n(β + δ + 1)n(γ + 1)n

with

M =



(−β)N (γ + δ + 2)N

(−β + γ + 1)N (δ + 1)N
if α = −N − 1

(−α+ δ)N (γ + δ + 2)N

(−α+ γ + δ + 1)N (δ + 1)N
if β + δ = −N − 1

(α+ β + 2)N (−δ)N

(α− δ + 1)N (β + 1)N
if γ = −N − 1.
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The Racah polynomials are solutions to the difference equation

(A.5) B(x)Rn(λ(x+ 1))−
(
B(x) +D(x)

)
Rn(λ(x)) +D(x)Rn(λ(x− 1)) = λnRn(λ(x))

given by the functions

B(x) = 4
(x+ α+ 1)(x+ β + δ + 1)(x+ γ + 1)(x+ γ + δ + 1)

(2x+ γ + δ + 1)(2x+ γ + δ + 2)
,

D(x) = 4
x(x− α+ γ + δ)(x− β + γ)(x+ δ)

(2x+ γ + δ)(2x+ γ + δ + 1)
,(A.6)

and eigenvalues λn = 2n(2n+ 2α+ 2β + 2).
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