DISCRETIZATION SCHEMES FOR SUBORDINATED PROCESSES

CLAUDIO ALBANESE AND ALEXEY KUZNETSOV

ABSTRACT. We introduce a new class of continuous time lattices which are suitable for local Levy and
stochastic volatility processes and use them to construct numerical discretizations for the corresponding
partial integro-differential equations. Transition probabilities are computed either analytically or by means
of numerical linear algebra.

1. INTRODUCTION

The upsurge of interest in option pricing models based on jump processes, notably by Mgrton [
Eberlein P] and Madan et al.d], motivated the development of suitable lattice approximation schemes.

In the continuous limit, price functions solve partial integro-differential equations (PIDE’s). In the con-
text of the variance-gamma model df pnd [3], Madan and Hirsa introduce i3] a lattice discretization
scheme for the integral kernel of the relevant PIDE.@}y Petersdorff and Schwab propose a wavelet
compression method for the resulting matrices and stability conditions app&ar in [

Lattice models for jump processes are more subtle to implement than the analogue models for dif-
fusions. In the latter case, simple trinomial models are suitable (sed}and transition probabilities
can be set by matching the first two moments, drift and volatility. However, if the underlying process
has jumps, moments higher than the second have to be fine tuned, the hopping range is not limited to
nearest neighbors and scaling laws are more complex. The problem is all the more delicate for models
combining jumps with state dependent local volatility which lack of translation invariance.

In this article we introduce continuous time lattice models which may be regarded as time changed
versions of trinomial lattice models in the limit of a vanishing time step. The ability to take the continuous
time limit hinges upon the ability to efficiently compute transition probabilities across arbitrarily long
time intervals. This context is particularly suitable to model jump and stochastic volatility processes as,
by not committing to a finite time step, time changes may be applied.

When pricing (or calibrating against) European style options with a continuous time lattice, one re-
duces to a single period model by computing transition probabilities from current time to maturity. A
Bermudan type option or a discretely monitored barrier option would instead require the insertion of time
nodes in correspondence with the exercise or monitoring dates. Continuously monitored barrier options
can often be priced in one single step similarly to European options, as the boundary condition may
be accommodated within the continuous time framework. A discussion of several examples is given in
conclusion of this paper.

The method applies in broad generality to models for which the spectrum of the Markov generator
can either be computed in analytically closed form or by means of efficient numerical linear algebra. We
first discuss the case of plain Levy processes and see them as subordinated Brownian motions. Bochner
subordinators are a class of monotonously increasing stochastic processes reviewed ir8 sduithn
can be used to construct jump processes. The construction takes the premises from a Markov generator
written as a second order differential operator and with a Bernstein fungtiondefining the stochastic
subordinator. The Markov generator of the subordinated process is represented as the Bernstein func-
tion of the base generator using the functional calculus outlined in setidn approximating process
is roughly defined as a continuous time Markov procé’ésdefined on a lattice, which converges to
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(b) A lattice for a jump process. Notice the
uneven time steps and long range transitions.

(a) A trinomial lattice for a diffusion model.
Time steps are of equal length and only
nearest neighbor hops occur.

FIGURE 1.

the given jump proces&, in the limit when the lattice spacink tends to zero. To find this approxi-
mating processX”, we introduce finite difference Markov generators defined on discrete lattices which
approximate the differential generators in the continuum. The case of Levy processes is special and the
mathematics is simpler because these processes are infinitely divisible, a property thanks to which the
appropriate form of harmonic analysis is that based on ordinary Fourier transforms, thus simplifying the
analysis.

The second class of examples we discuss involves non-divisible jump processes for which there is no
translation invariance and as a consequence forms of harmonic analysis alternative to Fourier transforms
are appropriate. We consider and compare four frameworks based on Laguerre, Meixner, Jacobi and
Hahn polynomials, respectively. Non-divisible jump models are obtained by extending the construction
of hypergeometric Brownian motions i8][ complementing the analysis with Bochner subordination
and a lattice discretization. The fact that the construction extends is not obvious as the original proof in
[8] does not extend to lattice models and needs to be modified. In sé&iwa present a new argument
which has the additional advantage of being extendible to lattice models.

Finally, we extend the framework to non-parametric models for which Markov generators can be diag-
onalised by means of numerical linear algebra. Our conclusion is that this latter class of non-parametric
models is the most flexible and perhaps the most suitable to finance implementations. The paper con-
cludes with a discussion of numerical examples.

2. HYPERGEOMETRICBROWNIAN MOTIONS AND PROCESSES ONLATTICES

Hypergeometric Brownian motions were introduce8h [In this section, we give a new construction
which has the advatnage of extending to the case of discrete state Markov processes.
We consider diffusion process; on some domai® C R defined by a Markov generator of the form

d o(z)? d?

dx 2 dx?

wherem(z) ando(x) are given smooth functions. The generafgy is defined on the dense subspace of
L'(D) spanned by the functiongx) satisfying linear boundary conditions of the fouyi(z)+bf’(z) =

0 at the boundary of he domain. Under suitable assumptions on the boundary conditions, which depend
on the asymptotic properties efx) andu(z), (see Feller?], the operatorl x generates a probability

(2.2) Lx =LY =m(x)
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semigrouph;
Pt = etﬂ.

having the form of integral operators

(2.2) Pus(en) = [ puloo,on)(on)da
J D

wherep;(zo, z1) is the transitional probability density function. This semigroup satisfie€tr@pman-
Kolmogorov equation

(23) Ptps = Pt+5, t, S Z 0
The probability density function satisfies the following equatiackward Kolmogorov equation

d

%pt(Io,t’El) = Lpi(xo,21),

where the operatof acts on the first variable;y, and the initial time condition igg(xo, z1) = d(x1 —
xo). The transition probability measure for the proc&sss defined as follows:

P(X; € A|Xo = x0) = /pt(:vo,xl)dxl
A

Processes for which the probability density function is either known in analytically closed form or
rapidly computable by means of numerical linear algebra or other means, play a central role in appli-
cations. Due to the fundamental theorem of Finance @gemartingales (or, more generally, driftless
processes) are the ones of most direct relevance to pricing theory. The next theorem allows one to con-
struct driftless proces¥; out of general stochastic proceds. This construction has the important
property of preserving the analytical tractability of the model: the PDF of the prd¢essgiven by a
simple expression in terms of the PDF of the procEssWe will first state this theorem for diffusions
and then generalize it to include arbitrary stochastic processes and processes on the lattice.

Before we state the main theorem we need the following lemma:

Lemma 2.1. For all p > 0, the equation

(2.4) Lf = pf.

has a strictly increasing solutiop f (=) and a strictly decreasing, (x) solutions. These solutions are
convex, finite in the interior of the domain and are related to the Laplace transform of the first hitting
time as follows:

@ () <

“am] ) ed(z) -

(2.5) E, e | = wg(;)

@p (2)’
Herer, = inf{t : X; = z} is the first hitting time of.

This lemma can be proved by means of the Feynman-Kac formula®gee [
The main theorem of this section is stated as follows:

Theorem 2.2. Let X; be a diffusion process under the measBreaking values on the domaib and
admitting a Markov generatof = L of the form in 2.1). Select g > 0 and lety}} (x), ¢, (x) be two
positive, linearly independent solutions to the differential equation

(2.6) Lf=pf

on the domainD, ¢ () increasing andp,, () decreasing. Take two constanfs> 0, i = 1,2 and
define a function

(2.7) 9(x) = c1p, () + c20, (@)
Then we have the following:
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(i) there exists a measufg absolutely continuous with respectifadefined by:
Qs ppa(Xs)

dP; 9(Xo)

(i) The PDF of the proces&; under the measur@ is given by

Q _ —ptg(xl) P
Py (Zo,T1) =€ by (Zo, T
t ( 1) g(IO) t( 1)

(2.8)

(iii) Markov generatorC® of the processY; under the new measus® is given by the following
formula:
1
L9 =>rPg— p-
g
(iv) The function
capy () + cap, ()
9(x)

is invertible for all choices of the constants, ¢, such thatc;cy — coc3 # 0 and the process
Y, = Y(X,) is driftless under the measu€@. The proces¥; satisfies the stochastic differential

2.9) Y(z) =

equation
(2.10) dY; = n(Y;)dW?,
where the volatility functiom(y) is given by
W N C 7 /I m(s)
(2.11) n(Y(z)) =o(2)Y'(z) = o(x) 7@ exp | —2 70(3)2615 .
(v) The probability distribution function for the proce¥gis given by
(2.12) py (Y (x0),Y (21)) = e—PtMpf(xmml)Y’(m)

Proof. Since the functio(z) satisfiesCg = pg, the procesd/; = e *tg(X;)/g(Xo) is a positive local
martingale, thus it is a supermartingale and equati8) correctly specifies an absolutely continuous
measurd), thus proving (i).

To prove (ii), notice that for any bounded functign

M e 9(x1)
Q — pP |22t - pt I\T1) P
ERLACO = B | 3100 = [ e O g o) ).
(iii) follows easily from (ii) and the definition of the Markov generator:
- EGLA(X0)] = fwo)
Q _ 0
L5 (@) = t1—1>r(r)1+ t
The derivativeY”(x) can be expressed through the Wronskian of the two independent solu;jons
andyp,, namely

W+ - (x
(2.13) Y'(z) = (crc4 — cacs) W;Q’f;)()
where
Dl EE@ @) | _ " mis)
(2.14) Wi = dee |0 22| = oo (2 [ Zis)

Hence,Y”’(x) is never zero and’(x) is invertible. This proves (iv) and shows that the volatility
term in equationZ.1]) is correct. To prove that the proce¥g.X;) is driftless we need to show that
LAY (x) = 0, which is easily verified:

1 L (cspf (z) + capy, (x))
g(x) g(x)
since functiores ¢ () + caip,, (2) is also a solution of” f = pf. O

LOV (2) = LPg(x)Y (z) — pY (z) =

—pY (x) = pY (x) — pY (z) =0,
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2.1. Processes on the Lattice In this section, we discuss lattice approximations of the processes dis-
cussed above.

If D Cc Risadomainand > 0, let us introduce the following notation:
(2.15) A(h,D)=(RZ)ND

for its lattice discretization. One strategy to define discretized versions of Markov generators is to replace
first and second space derivatives with a finite difference lattice operator as in the definition below:

Definition 2.3. If h > 0, Ietvi be the forward finite difference operator
fl@+h)— f(=z)

h
and letA” be the discretized Laplace operator such that
Fe+h) = 2f(z) + f(z — )

h2
The finite difference equivalents of the diffusion generaiaiven by @.1) are Markov generators of

discrete state Markov processes of the form

(2.16) Vi f(z) =

(2.17) Al f(z) =

(2.18) L =m"(z)Vh + —
wherem” (z) ando” (z) are functions defined on the lattiagh, D) and converging ten(z) ando(z),

respectively, in the limit ag — 0.

Remark2.4. Discretizing the Markov generator is equivalent to discretizing the spatial variable in the
partial differential equation fok.

The transition probabilities for the proceX$' are defined as
Pl (0, 1) = P(X; = 21| X0 = ).

This function satisfies the discrete analogue of the backward Kolmogorov equation

d
@p?(xowl) = L"p} (w0, 1),

where the operatof” acts in the first variable, and the initial time condition ig2 (o, 21) = 6. 4, -
As h — 0 we have (under some technical conditions)

1
Ep?(xo, r1) = pi(xo, 21).
The following analogue of lemma (1) holds:

Lemma 2.5. Let A C A(h, D) and A is nonempty. Define

(2.19) Ta=Inf{t >0: X, € A}

be the first passage time tband let

(2.20) vap(x) =E, [e_"”} .

Theny(z) = ¢4 ,(x) satisfies the difference equation

2.21) {cwx) = po(w), Hfa g A,
p(z)=1, ifze A

For the proof of this lemma se€][ This result is important for constructing martingale processes
on the lattice, since it guarantees that for every 0 the existence of two positive linearly independent
solutions to equation

Lr(z) = pp().
These solutions are taken as a starting point in our construction.
The following theorem is the discrete analogue of theor2r@:(
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Theorem 2.6. Let X} be a birth and death process under the meastitaking values on the domain
A(h, D) and admitting a Markov generatat” of the form in 2.18. Select g > 0 and lety; (z), p2(z)
be two positive, linearly independent solutions to the finite difference equation

(2.22) Ll = pp
defined om\(h, D). Given two constants; > 0, i = 1,2, let's define the function
(2.23) 9(x) = c1p1(2) + c2p2().

The following holds:

(i) there exists a measuf@ absolutely continuous with respectiadefined by:
@ _ 67pt9(Xth)'
dP, 9(X8)

(i) The transitional probabilities of the proces§* under the measur@ are given by

(2.24)

h.Q _ (@) np
To,x1) =€ Pre——== Lo, T1).
Py (o, 1) eI (zo, 1)
(iii) The Markov generato£”Q of the process(}* under the new measuis given by the following

formula:
1
£ = gﬁh’Pg - p.

(iv) The function

(2.25) yh() = C3P1@) F capa(w)
g9(z)
is invertible if 22;;2;5:;) < 1forall € A(h, D). The proces¥; = Y (X,) is driftless under the
measure).

Proof. The arguments given above to prove (i), (ii),(iii) and (iv) in the continuous case apply and extend
also to the discrete case. The only statement that requires additional work is the one about invertibility of
h
Y (x). The proof is essentially the same, it uses the discrete Wronskian and the coﬁgﬁ%& <1
ensures that the Wronskian is not zero.
ADD DETAILS FROM THE THESIS OR REFERENCE IT
O

3. BOCHNER SUBORDINATORS

In this section, we review some basic concepts regarding stochastic subordinators and jump processes.

Definition 3.1. Let (2, P) denote a probability space endowed with a right continuous and complete
filtration F;. A stochastic time change proce$sis defined as a right-continuous non-decreasing process
started from 0 and with values [, o).

We shall refer ta as to thecalendar timeand calls = T} thefinancial timecoordinate. The relative
pace at which financial time proceeds compared to calendar time as modeled by the subdfginator
varies stochastically. A distinguished role is played by a special class of time changed processes called
Bochner subordinators.

Definition 3.2. Let T; be a stochastic time change process. The prafesscalled asubordinatorif
it has independent and homogeneous incrementsfi.e. — 7 is independent of; and has the same
distribution asT.

One can show ( sed()]) thatT; is a Bochner subordinator if and only if

3.1) E[e ] = / e M py(ds) = e 10N
0
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for some functionp()), calledBernstein function As an example, recall the definition of the Gamma
process, which is widely used as subordinator (for example in the variance-gamma model). In this case,
the PDF ofT} is

2

J23
) v u2t_ _ kg
s v leTvids

(¢
()

wherey is the mean rate andis the variance rate. The corresponding Bernstein function is given by

o v
(3.3) 6(A) =~ log (1 + Au) .

(3.2) pulds) =

—

Remark3.3. Subordinators could be equivalently defined as increasing Levy processes. Note that the
Levy process is increasing if and only if it has positive drift, only positive jumps and no diffusion com-
ponent.

Definition 3.4. Let X, be a stochastic process afidbe the time change process (subordinator). The
time-changed (subordinated proce&s)is defined as
X, = Xy,.

One can also show (se#l]) that if £ is the Markov generator of a given proceSsand¢()) is the
Bernstein function for the subordinatdy, then functional calculus can be used to express the generator
of the time changed proces§ = X, as
(3.4) L=—¢(-L).

In fact, the probability semigroup foX; is given byexp(¢£) and thus the probability semigroup féir,
can be computed a8[exp(T:L)]. Applying equatiorB.1, this becomes

E [eth} _ e—tqﬁ(—ﬁ),
thus the new generator = —¢(—L).

Recall that if the operatof is bounded ang(z) = Y., ¢,,2™ is an entire analytic function, one can
define the operatas(—L) by means of a series expansion convergent in operator norm, i.e. by setting

o0

(35) _ ¢(_£) — Z(_l)n+1¢n£7l,

n=0
Functional calculus extends also to the case where the Markov genéra&ar discrete spectrum. Sup-
pose that),, (x) wheren = 0, 1, .... is a family of eigenfunctions of with eigenvalues\,,, i.e. suppose
that

(3.6) Lipp(x) = Anthn ().

Suppose also that, (z) is a complete orthonormal basis bf (R) for some measure(dz), in the sense
that

(37) /¢n(x)w7n (J?)I/(dl‘) = 6n’rn-

Remark3.5. If one can find an orthonormal basis of eigenvectors for the Markov genetatben one
is able to compute explicitly the probability density for the procEssas

(3.8) (o, w1) = Y € by ()b (21 ) (dar ).

n=0
This expansion can be justified by noting that the functigixo, z1) is the integral kernel of the proba-
bility semigroupP; = exp(tL).

The operato = —¢(—L) can be defined as the operator having the same eigenfunctigharas
satisfying the eigenvalue equation
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Hence, the probability distribution function fof7,, which is the integral kernel of the semigrofp =
exp(tL), can be computed as follows:

(3.10) Pi(x, 1) = Z e~ A (o) Y (1 v (day).
n=0

Notice that this equation is very similar to equati8r8j, thus this method of time change is very efficient,
provided we know how to diagonalize the Markov generdtor

Functional calculus also extends to cases where the Markov genégragambounded, to functions
¢(\) which are not analytic ir\ and to cases where the spectruntas not purely discrete. A Markov
generatoil satisfying the reversibility condition

(3.11) / F(Lgyr(de) = / (CF)gv(dz)

for some measure(dz) is symmetric in the Hilbert spacg?(R). Such an operator with reflecting
boundary conditions on the end-pointsiofis self-adjoint, seell2], and admits a spectral resolution of
the form

(3.12) L= / Mu(dPy)

where u(dPy) is a projection valued measure. We refer againlt#] for a definition of projection

valued measure. As an example, we shall quote here the case of the Brownian motion with the generator
L= j—;. In this case, the kernel & is a generalized function given by the second derivative of a delta
function and can be represented as follows:

(3.13) Llx,y) =" (¢ —y) = — / ;L R
™

This equation is in the form that the general spectral decomposition form8alig) {akes in this partic-
ular case, showing that(d P, ) in this case is the measure supported\an [0oc] whose kernel is given
by

; dA
3.14 dP\)(z,y) = eV a—v) 22

(3.14) (dPy)(z, y) yosY

If (X) is Bernstein function, then the operattf) can be defined by means of the spectral resolution
formula

(3.15) L=- / P(=A)u(dPy)

as long as the integral appearing here converges to a self-adjoint operator.

4. LEVY PROCESSES AND SUBORDINATEBROWNIAN MOTION

Levy processes provide the simplest example for the application of the methods in this paper. The
reason is that a subordinated Levy process is also a Levy process. The widely used example is variance-
gamma model, introduced by Madan and Sendtarid later extended ir8]. In this model the Brownian
motion with drift subordinated by a Gamma process becomes the Levy process, which is the difference
of two independent Gamma processes.

Levy processes were considered in the finance literature by Cl&flapd then studied by Geman et
al. [14], Gorieroux et al. 15]. If F; is a martingale process we wish to describe with a Levy model, for
instance a forward price under the corresponding forward measure, the pFotessthe form

(4.1) F, = Fyexp (Xt)
where

(4.2) X, =wt+ Xp,, X, =0t+oW,.
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The martingale condition results in a constraint among parameters. For instance, in the case of the
variance-gamma model where the Bernstein function is giverBI8), the process; is a martingale if
w is chosen as follows:

1

2
(4.3) w=log (1 - ‘”)
v 2

Theorem 4.1. The probability distribution function for the Levy proceXs defined in equation4(?)
where the subordinator is characterized by the Bernstein funet{on can be expressed as follows:

- T AR e (kio0,.0) ik (zo—a1)
(4.4) pe(zo,21) = — e e \g W) TR (T I
oo 2T
where
2k2
(4.5) E(k;0,0,0) = iwk — ¢ <”2 - z‘k0> .
The following family of probability functions ak(h, R), h > 0, is a pointwise approximation:
wodk en ,
4.6 ~h ; — Dl te (k;o’,(),w)%»zk(:cgfrl)'
(@) o) = [ 5
where
jw sin(kh 0 sin(kh
4.7) &k 0,0,w) = % _ ¢ (—02(cos(kah) 1) - ”mh()) :
Proof. The Markov generator corresponding to the equatiod i) (s the operator
~ d o? d? d
4.8 =w— —P(— h =——460—.
(4.8) L wdx ¢(—L) where L 2dm2+dx
The eigenfunctions of in this case are given by**, k € R with eigenvalues (k) = —"2’“2 + k0.
These eigenfunctions are not normalizable sineeR. The generalized eigenvalue equation £ois
(4.9) Le*® = &(k)etke

whereé(k; 0,0, w) is given by equation4.5). Hence, the probability distribution function of the subor-
dinated process is

~ > dk té(k;0,0,w)+ik(zo—x1)
(4.10) Pr(zo, 1) = o o
™

The Markov generatof” of the processf(th on the lattice, which approximaté§,, can be defined as
follows:

~ 2
(4.11) £h =WV — ¢(—L")  where LM = %Ah +Ovh.

The generalized eigenfunctions of the discretized Markov generétoend £" are still given by the
functionse??, except that in casé > 0 the wave-vectok is restricted to the range-7, 7). The
generalized eigenvalues of the operatérare given by

if sin(kh)
h

The eigenvalues of the operatiof—L") are thusp(—¢"(k; o, 0)). Hence, the generalized eigenvalues
of the operator’” = w% — ¢(—L") are given by the expression in equati@n?). We thus obtain the
representatiord(6) for the PDF of the procesk,. Thanks to the theorem of dominated convergence and
using the explicit expressions for the kernels4rf| and @.4), we then conclude that we have pointwise

convergence, i.e.

(4.12) "(k;0,0) = 02(cos(kah) — 1) +

(4.13) }llig})ﬁ?(xoyifl) = pe(20, 21)-



10 CLAUDIO ALBANESE AND ALEXEY KUZNETSOV

5. SUBORDINATED HYPERGEOMETRICBROWNIAN MOTIONS AND PROCESSES ON LATTICES

In this section we provide a general algorithm to evaluate probability transition kernels for a class
of driftless diffusions and their counterparts on the lattice. As we discussed, the main ingredient is the
orthonormal basis of eigenvectors for the Markov generétoiThus we start with a generatdrwith
known eigenvectorg,, (x) and eigenvalues,,. In particular, we are interested in the processes for which
¥, () is a set of polynomials, orthogonal with respect to some meagute). It turns out (see ADD
REFERENCE) that the only diffusion processes, associated with a family of orthogonal polynomials
are Ornstein-Uhlenbeck, CIR and Jacobi diffusions. For details on these processes and their discrete
counterparts (Charlier, Meixner and Hahn birth and death processes) see Appendix ...

First we need to understand what is the effect of transformation discussed in s&otiogigenvec-
tors of Markov generator. We know that after change of measure given by eg@aitre generator
transforms into

1
L= gﬁpg - p,

thus the eigenfunctions,, (=) and eigenvalues,, transform as follows
g9(z)

The orthogonality measuegdz) is transforms int@?(z)v(dz).
Change of variables do not change eigenvalues and affect eigenvectors and orthogonality measures as
follows:

, An o Ap —p.

V() = (X (y), v(de) — v(X(dy)).

Notice that there is no derivative in the formula for the measure in the discrete case.
Thus we obtain the expression for the transition kernel of the pragess follows:

,\nfp)lbn(l’O) Yn (1) 2 Vulde
9(z0) g(a1) g~ (z1)v(dzy),

(5.1) Pl (Y(20), V(1)) = Y el
n=0
which is of course equivalent to what given in equattoh2
At last we can subordinate the proc&$do obtainY; = Yr,. Since the eigenvectors and eigenvalues
of the Markov generator for the procegsare known, the kernel fdr; is given by

o0
N T o
62 ol (Vo) Ye) = S S A (o) ool
n=0
The algorithm for constructing analytically solvable time-changed driftless process and their lattice
approximations can thus be described as follows:
Let X; be the process, associated with a family of orthogonal polynomials.
Fix p > 0 and find two positive, linearly independent soluti@fgs, ¢, to equation

Lo = pp.
In the diffusion case these function are given in terms of hypergeometric functions (see ???77?7?).
For processes on the lattice the above equation is a three point finite difference equation and can
be solved by simple recursion.
e Choose nonnegative constamtsandc, defining functionsy = clgo;f + 2, and constants
c3, ¢4 defining functionY (z) = (csp, + cap, ) /9.
e Choose the subordinat@t, preferably in such a way so that Bernstein functigfi\) can be
easily computed. Important examples are provided by Gamma process and stable processes.
e Compute the transitional probabilities for procégs= Y7, using formulab.2

Remark5.1 The measure change defined by equafidin most cases leads to exit or killing boundary
conditions, thus the transformed procé&%ds not conservative. This problem can be avoided to some
extent by ensuring thalt; starts away from the boundaries. Also note thas the rate at which the
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process is killed at the boundary f is the maximum eigenvalue of generator}gj, thus in order to
keep this effect under control one should taksufficiently small.

6. NON PARAMETRIC EXTENSIONS BY NUMERICAL DIAGONALIZATION

As we have seen in the previous sections, the ability to perform time changes and effectively compute
the transitional probabilities hinges on our ability to diagonalize the Markov genetatorthe previous
sections we discussed processes having a given set of orthogonal polynomials as eigenvectors of the
Markov generatoiZ. In the discrete case, these processes are useful since we know their continuous
limit. In other situations though, knowing that the continuous limit exists is sufficient information and
it is convenient to define the process non parametrically and to compute eigenfunctions using numerical
linear algebra.

In a non-parametric approach, the first step is to define the lattice. We assume that tha iatticite
and hasV nodes, and that the position of the nodes on the real line is givan by F'(i), i =1... N
for some increasing functioR.

We specify the procesk; on the latticeA using it's Markov generator, which in finite caseNsx N
matrix. As in the previous sections, it is useful to start with the discrete analog of a diffusion processes
and a tridiagonal generator in the form

0 0 0 0 0 0 0

Lyt —Lyy Las 0 ... 0 0 0

0 Ls —Lss Lss ... 0 0 0

6.1) L=
0 0 0 0 ... Ly-in—2 —Ly-in-1 Ly-aan

0 0 0 0o ... 0 0 0

Note thatX; specified byl has absorbing boundaries. This is relevant to the constructions below as
we focus on martingale process basedXon The generatol also has to satisfy the following two
conditions:

. Zj L;; = 0, which ensures the conservation of probability
o > Lij(F(j) — F(i))* = F?(i)o?(F (i), which specifies the "local volatility” of the process
Each row of£ has three elements and two conditions given above, thus we have one degree of freedom,
which is set by choosing the state-dependent "drift” of the process.
To subordinate the proces§, as described in the previous sections, first we need to diagonalize the
generatolL. Since/ is a finite matrix, one could use the usual linear algebra algorithms prowdisd
not too large. Thus we arrive at the set of eigenvectgrs RY, i = 1... N and eigenvalues;, such
that
L, =Np;, i=1...N.
If W is the matrix which hag, as columns, we find
L=UvD¥ ' D =diag{)\}.
The generator for the subordinated procé’ss: X, is computed as follows:
(6.2) Lf=—-¢(=L)f =¥DU", D =diag{—¢(-\i)},

whereg(\) is the Bernstein function of the subordinator.
Note that original proces) is defined to have state-dependent drift, so that the martingale condition

ZLJF(J) =0

for the proces;’i’t is violated. One can restore the martingale condition by changing the off-diagonal
coefficients ofL, which amounts to introducing a drift similarly to what is done in the definition of the
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variance-gamma model. If for som¢here is a nonzero drift in the proce&s is positive:

> LyF(j) =di >0,
J

then we add the positive amouiy/ (F'(i) — F'(i — 1)) to the elemenﬁil»,l and subtract the same from
L;;—1. If d; is negative, one addg /(F (i + 1) — F(i)) to the elementd;; ., and subtracct it froni,;.
This procedure of adding a drift term leads to a martingale process the latticeA.

This idea is very similar and extends the one at the basis of the construction of the variance-gamma
model: one adds an independent pure drift pro€gde offset the drift inX,. In the VG modell, = wt,
since all the processes are space-homogeneous (Levy) processes. In this more generallgxssipte
dependent process; at statig can jump only upwardsd; < 0) or downward {; > 0) to the nearest
state.

Having constructed the martingale proc&sdaving generatofy, we again diagonalize it to obtain

Ly = \T/D\ilil,D = dlag{;\z}
and the matrix of transition probabiliti€}” is easily computed as follows:
(6.3) PY = UetlY1 P = diagfe!}

Let's summarize the construction:

e Start with a procesX; on the latticeA = {F(i), i = 1... N} admitting only nearest neighbor
transitions. Assume the boundaries are absorbing.

e Diagonalize the Markovgeneratorﬁft

e SubordinateX, to obtainX, = Xr,. If there is any drift inX, it would create asymmetric jumps
in X,. . 3

e Find the generatof for X; using formula7.2 3

e Remove the drift inX; by changing the generatdr— Ly .

¢ Y, is the desired martingale process. To perform computations, diagodaliaed use formula
7.3

Remark6.1 In the third step of the above algorithm, one subordinates the process by an independent
time changel;. However, in the one could extend the construction to allow for time changes correlated
with the processX;. A possible construction is the following: writ€; as the sum of two processes

X=X+ X,
whereX* (X ™) is an increasing (decreasing) process. Their generators can be easily found by breaking

L into the sum of the upper-triangular and lower-triangular generdtbrand £~
One can then subordinate each®f, X~ separately:

v+ _ v+
X = X4,

X =Xp,
and then finally construck, as
X=X+ X,
This construction is possible because the processes involved are of finite variation. It is also easy to
implement efficiently as it involves just one extra diagonalization.

The algorithm described above is very flexible and useful

HERE WE PUT EUROPEAN PRICES, AND DISCUSS HOW COOL THIS METHOD IS

Another immediate application of this nonparametric method is pricing of barrier options. Assume
we want to price a down-and-out call option struckiatvith a barrier atD = F(I) < K. The price of
the option in this case is

Cr = E[I{Y, > D, s €[0,T]}(Yr — K)*].

We can reformulate this problem by introducing another proggssvhich is basicallyy; with absorb-
tion in the regiorny < D. Then the price can be rewritten as

Or = B[(Yp - K)7],
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which is now a usual European option on procgSs The generatoLy-o for Y,? can be obtained from
Ly by replacing all the rows with numbeis< [ by zeros:
0O _ 7Y ;
L =L, i>1
LY =0, i<l

Again, by diagonalizing the generat6x-o we can easily compute the transitional probabilities for pro-
cessY’? and thus find prices of barrier option.
HERE WE PUT THE GRAPHS RELATED TO BARRIER OPTIONS

7. CONCLUDING REMARKS

In this article we introduce a new discretization framework for PIDE’s arising from pricing equations
based on jump processes. The scheme is based on an approximation for the underlying price process. We
focus on a broad class of models which is analytically tractable and compute transition probabilities in
analytically closed form in terms of finite expansions in orthogonal polynomials. The number of terms
in the series is bounded by the number of lattice sites and this ensures rapid convergence. The main
advantage of this discretization scheme is that results don’t depend on the size of time steps one chooses
to use while local no-arbitrage conditions are maintained.
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APPENDIX A. HYPERGEOMETRIC FUNCTIONS

In this section we review several facts about hypergeometric functions, such as Taylor series, differen-
tial equation and increasing/decreasing solutions to this equation. A good collection of facts and formulas
can be found in7] and [?].

Hypergeometric functions are defined through Taylor series expansion which generalize the geometric
series

(A1) (1—2) = i ala+ 1)“;1(? +n— 1)2" _ i (O;L)'n n
n=0 : n=0 :
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Generalizing this expansion, we introduce the functions

(AZ) qu(ah "'70[17;/817 ﬁqaz)a p < q+ 17ﬁj eC \ _Z+

which, for|z| < 1, is the sum of the series

= (al)n----(ap)n n
A3 F [IERES) 7 LA 7 = (3 (R !
(A.3) » q(a1 ap B ﬂq Z) ;n!(ﬁl)n..(ﬁq)nz
where thePochhammer symbéty),, is defined by
() =ala+1).. (a+n—1)= P(?&)n)’ =

AppPENDIX A.1. Hypergeometric function. The hypergeometric functionF («, 5;~; z) has Taylor
expansion af

(A4) 2Fi(a, Bi7i2) = ) %ﬁ Jn %T:

n=0

This function is a solution to thieypergeometric differential equation

(A.5) 2(1=2)F"(2)+ (v — 1+ a+B)2)F'(2) — afF(z) = 0.
Two linearly independent solution in the neighborhood ef 0 are given by:

(A6) w1 :2F1(Oé,ﬁ;'}/; Z)?

(A7) wp =2 F (e =y +1,8-7+1;2-72),

and in the neighborhood af= 1
(A8) w1:2F1(a76;a+ﬁ+1_7;1_z)7
(Ag) W2 = (1 - Z)’Yiaiﬁ?Fl(PY - @’Y —Q,y -« — 5+ 1> 1- Z)

Increasing and decreasing solutions of the hypergeometric equation, which in the case g >
0, v > 0andy < o+ 8 + 1 are given by:

(A.10) T (x) = o Fy (e, B5; 2),
(A.11) o (x) = oF1 (o, B+ B+ 1—7;1—2).

AppPENDIX A.2. Confluent hypergeometric function. The confluent hypergeometric functiohy (a, b, z)
(also denoted ad/(a, b, z)) has Taylor expansion

oo n

(A.12) M(a,bz) =Y ((Cb‘))” %

n=0
FunctionM (a, b, z) is a solution to th&ummer differential equation
(A.13) 2F"(2)+ (b—2)F'(2) —aF(2) =0
Two linearly independent solutions to the Kummer differential equation are given by:
(A.14) wy = M(a;b;2), we=2""M(1+a—0b2-0b;2).
The increasing and decreasing solutions are given by:
(A15) T (x) = M(a;b;2),

(A.16) o () =U(a,b,2) =

( M(a,b,z) 1_bM(1+a—b,2—b7Z))
sin(b) \IT(L +a—b)L(b) T(a)T(2 — b)
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AprPENDIX B. CIR, MEIXNER, JACOBI AND HAHN PROCESSES

AprPENDIX B.1. CIR process.
e Generator

d 1, d&
e DomainD = [0, +o0)
e Speed measure and scale function:
9a+1
(B.2) v(z) = mxaefer, s'(x) = 7 Leb?,

wherea = 22 — 1 andf = 2.
(e g

¢ Boundary conditionsD? = +oo is a natural boundary for all choices of parameters and
exit, ifa < —1
(B.3) D' = {regular,if —1 <a <0
entrance, if) < o
o Probability function:
bt

la
(B.4) p,gClR)(aco, x1) = ¢ (xle ) exp [—ct(xoe_bt + wl)] I, <20t v/ xoxle—bt)

Zo

wherec; = —2b/(0?(e~ —1)) andl,, is the modified Bessel function of the first kind (s€B [
e Spectrum of the generator:

(B.5) Ap = —bn.
o Eigenfunctions of the generator:
(B.6) Yn(x) = Ly (02),
whereL (y) are Laguerre polynomials of orderwith the three term recurrence relation:
(B.7) (m+ 1Ly () — @n+a+1-y)Li(y) + (n+a)ly_,(y) =0.
e Orthogonality relation:

/ U ()Y (z)v(2)da = M(Snm.
D

n!

¢ Eigenfunction expansion of the probability function:

oo

(B.8) p,EClR)(xo,a:l) = Z eb"tmfl)an‘L(@mo)Lg(ﬁxl)u(aZl).

n=0

ApPENDIX B.2. Meixner process.

e Generator

1

(B.9) L= (a—bx)V}+ 5023:A5.

e DomainD = {0,4,24,...}

e Spectrum of the generator:
(B.10) Ap = —bn.

e Eigenfunctions of the generator:
(B.11) Yn(2) = Mn(2/6, B, c),

wherec =1 — 20—1’55 andg = C% and M, (y, 5, ¢) are Meixner polynomials with the three term
recurrence relation:

(¢ =DyMn(y, 5, ¢) = c(n+ B)Mn11(y, 8,¢) — (n + (n + B)e) Mn(y, 5, ¢) + nMyn1(y, 5 ¢).
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e Orthogonality measure (invariant measure) is given byndgative binomial distributioor Pas-
cal distribution Pa(, c):

(8)yc”
(B.12) v({z}) = m
and orthogonality relation
o0 —n '
> My (y, B, ) Mo (y, B, )nu({z}) = #5
y=0 "

wherey = /6.
o Eigenfunction expansion of the probability function:

©13) Mo, m) = 3 e T g (4, 5,00 (o, B (1)),

n=0

wherey; = z;/6 € {0,1,2,...}.

ApPENDIX B.3. Jacobi process.
e Generator
d2

(B.14) Ez(a—baﬁ)i—&-la2 (A—x)@.

de 2
e DomainD = [0, 4]
e Speed measure and scale function:
B 2P (A — x)
At B(a+ 1,84 1)

__2b 2a _ 2a
wherea = = — 5% —landg = 3% — 1.

(B.15) V() , (@) =2 A —a)

e Boundary behavior for the Jacobi process is the same as for CIR process at the left boundary:

exit, if 5 < —1
(B.16) D' = {regular,if -1 < <0
entrance, il < 3

The same classification applies to right boundary, we only need to reflager. Notice that

in the case whea > 0, b > 0 and; < A (which means that mean-reverting level lies in the

interval (0, A)), we haven > —1 and > —1 and thus both boundaries are not exit.
e Spectrum of the generator:

o2 2b
(B.17) An = —7n(n -1+ ;).
e Eigenfunctions of the generator:
(B.18) Ya(z) = P(y),

wherey = (%:-1) andp{"? (y) are Jacobi polynomials with the three term recurrence relation:

(@B)(,\ _ 2n+D(n+a+pB+1) (@,8)
ybPn(y) = (2n+a+ﬂ+1)(2n+a+ﬂ+2)P"+1 (v) +
+ /62_a2 P(a76)

2n+a+B8)2n+a+p54+2) "

2(n +a)(n+B) (@,5)
(2n+a+ﬂ)(2n+a+ﬂ+1)P”—1 )-

(y) +

e Orthogonality relation

/D wn(x)wm(l’)l/(z)dx = pidnm — (a + l)n(ﬂ + 1)"

(a+B84+2)p12n+a+ 8+ 1)n

Ve .
! m
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e Eigenfunction expansion of the probability function:

&0 —Ant
b € " (6% «
(B.19) ngaCO )(xo,ml) = Z pizpfl ) (yo) PL) (y1)v (1),
n=0 n
wherey; = (2% —1).
ApPPENDIX B.4. Hahn process.
e Generator
2
(B.20) c:apwmvy#%aA—@A&

e DomainD = {0,6,26,...,Nd}
e Spectrum of the generator:

o? 2b

(B.21) An = —?n(n -1+ ;).
e Eigenfunctions of the generator: Hahn polynomials
(B.22) Un(x) = Qn(z/d; 0, B, N),

where the parameters G and N can be found from the following system of equations:

B+a+1=2 -1,

N 1=4
(B.23) o=
N e N.

Note that due to the restrictioN € N, these equations do not have solutions for all values
of parameters:, b, A, 0. In applications we start with parametgfsa, N and then compute
a,b, A, o.

Hahn polynomials satisfy the following three terms recurrence relation:

(824) - an(y) = AnQn-&-l(y) - (An + Cn)Qn(y) + CnQn—l(y)7

whereQ,, (y) = Qn (y; a, 3, N) and
{An _ (n+a+p+1)(n+a+1)(N—n)

(2n+a+p+1)(2n+a+8+2)
C. — nndatBEN+1)(n+p)
n T 2n+a+p)(2n+a+p8+1) "

e Orthogonality measure is given by the scatgghergeometric distributian

(B.25) v({oy}) = ( . ) ( Y )

Orthogonality relation:

N
> Qu(yia, 8, N)Qu(y; . B, N)v({y6}) = ¢20nm,
y=0

2 (—D)"(n+a+ B+ 1) nt1(B+ 1),n!
= ontat B+ D(at D)n(—N),N!

e Eigenfunction expansion of the probability function:

€_>\"’t

(B.26) P (o, 01) = Y 5= Quor o B, N)Qu (y13 0, B, N)v ({1 }),

n

n=0

wherey; = x; /4.
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