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ABSTRACT. We introduce a new class of continuous time lattices which are suitable for local Levy and
stochastic volatility processes and use them to construct numerical discretizations for the corresponding
partial integro-differential equations. Transition probabilities are computed either analytically or by means
of numerical linear algebra.

1. INTRODUCTION

The upsurge of interest in option pricing models based on jump processes, notably by Merton [1],
Eberlein [2] and Madan et al. [3], motivated the development of suitable lattice approximation schemes.
In the continuous limit, price functions solve partial integro-differential equations (PIDE’s). In the con-
text of the variance-gamma model of [4] and [3], Madan and Hirsa introduce in [5] a lattice discretization
scheme for the integral kernel of the relevant PIDE. In [6], Petersdorff and Schwab propose a wavelet
compression method for the resulting matrices and stability conditions appear in [7].

Lattice models for jump processes are more subtle to implement than the analogue models for dif-
fusions. In the latter case, simple trinomial models are suitable (see Fig.1) and transition probabilities
can be set by matching the first two moments, drift and volatility. However, if the underlying process
has jumps, moments higher than the second have to be fine tuned, the hopping range is not limited to
nearest neighbors and scaling laws are more complex. The problem is all the more delicate for models
combining jumps with state dependent local volatility which lack of translation invariance.

In this article we introduce continuous time lattice models which may be regarded as time changed
versions of trinomial lattice models in the limit of a vanishing time step. The ability to take the continuous
time limit hinges upon the ability to efficiently compute transition probabilities across arbitrarily long
time intervals. This context is particularly suitable to model jump and stochastic volatility processes as,
by not committing to a finite time step, time changes may be applied.

When pricing (or calibrating against) European style options with a continuous time lattice, one re-
duces to a single period model by computing transition probabilities from current time to maturity. A
Bermudan type option or a discretely monitored barrier option would instead require the insertion of time
nodes in correspondence with the exercise or monitoring dates. Continuously monitored barrier options
can often be priced in one single step similarly to European options, as the boundary condition may
be accommodated within the continuous time framework. A discussion of several examples is given in
conclusion of this paper.

The method applies in broad generality to models for which the spectrum of the Markov generator
can either be computed in analytically closed form or by means of efficient numerical linear algebra. We
first discuss the case of plain Levy processes and see them as subordinated Brownian motions. Bochner
subordinators are a class of monotonously increasing stochastic processes reviewed in section3 which
can be used to construct jump processes. The construction takes the premises from a Markov generator
written as a second order differential operator and with a Bernstein functionφ(λ) defining the stochastic
subordinator. The Markov generator of the subordinated process is represented as the Bernstein func-
tion of the base generator using the functional calculus outlined in section3. An approximating process
is roughly defined as a continuous time Markov processX̃h

t defined on a lattice, which converges to
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(a) A trinomial lattice for a diffusion model.
Time steps are of equal length and only

nearest neighbor hops occur.

(b) A lattice for a jump process. Notice the
uneven time steps and long range transitions.

FIGURE 1.

the given jump process̃Xt in the limit when the lattice spacingh tends to zero. To find this approxi-
mating process̃Xh

t , we introduce finite difference Markov generators defined on discrete lattices which
approximate the differential generators in the continuum. The case of Levy processes is special and the
mathematics is simpler because these processes are infinitely divisible, a property thanks to which the
appropriate form of harmonic analysis is that based on ordinary Fourier transforms, thus simplifying the
analysis.

The second class of examples we discuss involves non-divisible jump processes for which there is no
translation invariance and as a consequence forms of harmonic analysis alternative to Fourier transforms
are appropriate. We consider and compare four frameworks based on Laguerre, Meixner, Jacobi and
Hahn polynomials, respectively. Non-divisible jump models are obtained by extending the construction
of hypergeometric Brownian motions in [8], complementing the analysis with Bochner subordination
and a lattice discretization. The fact that the construction extends is not obvious as the original proof in
[8] does not extend to lattice models and needs to be modified. In section?? we present a new argument
which has the additional advantage of being extendible to lattice models.

Finally, we extend the framework to non-parametric models for which Markov generators can be diag-
onalised by means of numerical linear algebra. Our conclusion is that this latter class of non-parametric
models is the most flexible and perhaps the most suitable to finance implementations. The paper con-
cludes with a discussion of numerical examples.

2. HYPERGEOMETRICBROWNIAN MOTIONS AND PROCESSES ONLATTICES

Hypergeometric Brownian motions were introduce in [8]. In this section, we give a new construction
which has the advatnage of extending to the case of discrete state Markov processes.

We consider diffusion processXt on some domainD ⊂ R defined by a Markov generator of the form

(2.1) LX = LP = m(x)
d

dx
+
σ(x)2

2
d2

dx2

wherem(x) andσ(x) are given smooth functions. The generatorLX is defined on the dense subspace of
L1(D) spanned by the functionsf(x) satisfying linear boundary conditions of the formaf(x)+bf ′(x) =
0 at the boundary of he domainD. Under suitable assumptions on the boundary conditions, which depend
on the asymptotic properties ofσ(x) andµ(x), (see Feller [?], the operatorLX generates a probability
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semigroupPt

Pt = etL.

having the form of integral operators

Ptf(x0) =
∫

D

pt(x0, x1)f(x1)dx1(2.2)

wherept(x0, x1) is the transitional probability density function. This semigroup satisfies theChapman-
Kolmogorov equation

(2.3) PtPs = Pt+s, t, s ≥ 0

The probability density function satisfies the following equationbackward Kolmogorov equation:

d

dt
pt(x0, x1) = Lpt(x0, x1),

where the operatorL acts on the first variable,x0, and the initial time condition isp0(x0, x1) = δ(x1 −
x0). The transition probability measure for the processXt is defined as follows:

P(Xt ∈ A|X0 = x0) =
∫
A

pt(x0, x1)dx1

Processes for which the probability density function is either known in analytically closed form or
rapidly computable by means of numerical linear algebra or other means, play a central role in appli-
cations. Due to the fundamental theorem of Finance (see [9]), martingales (or, more generally, driftless
processes) are the ones of most direct relevance to pricing theory. The next theorem allows one to con-
struct driftless processYt out of general stochastic processXt. This construction has the important
property of preserving the analytical tractability of the model: the PDF of the processYt is given by a
simple expression in terms of the PDF of the processXt. We will first state this theorem for diffusions
and then generalize it to include arbitrary stochastic processes and processes on the lattice.

Before we state the main theorem we need the following lemma:

Lemma 2.1. For all ρ ≥ 0, the equation

Lf = ρf.(2.4)

has a strictly increasing solutionϕ+
ρ (x) and a strictly decreasingϕ−ρ (x) solutions. These solutions are

convex, finite in the interior of the domainD and are related to the Laplace transform of the first hitting
time as follows:

Ex

[
e−λτz

]
=


ϕ+

ρ (x)

ϕ+
ρ (z)

, x ≤ z,

ϕ−ρ (x)

ϕ−ρ (z)
, x ≥ z.

(2.5)

Hereτz = inf{t : Xt = z} is the first hitting time ofz.

This lemma can be proved by means of the Feynman-Kac formula (see [?]).
The main theorem of this section is stated as follows:

Theorem 2.2. LetXt be a diffusion process under the measureP taking values on the domainD and
admitting a Markov generatorL = LP of the form in (2.1). Select aρ ≥ 0 and letϕ+

ρ (x), ϕ−ρ (x) be two
positive, linearly independent solutions to the differential equation

(2.6) Lf = ρf

on the domainD, ϕ+
ρ (x) increasing andϕ−ρ (x) decreasing. Take two constantsci ≥ 0, i = 1, 2 and

define a function

(2.7) g(x) = c1ϕ
+
ρ (x) + c2ϕ

−
ρ (x)

Then we have the following:
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(i) there exists a measureQ absolutely continuous with respect toP defined by:

(2.8)
dQt

dPt
= e−ρt g(Xt)

g(X0)
.

(ii) The PDF of the processXt under the measureQ is given by

pQ
t (x0, x1) = e−ρt g(x1)

g(x0)
pP

t (x0, x1)

(iii) Markov generatorLQ of the processXt under the new measureQ is given by the following
formula:

LQ =
1
g
LPg − ρ.

(iv) The function

(2.9) Y (x) =
c3ϕ

+
ρ (x) + c4ϕ

−
ρ (x)

g(x)
is invertible for all choices of the constantsc3, c4 such thatc1c4 − c2c3 6= 0 and the process
Yt = Y (Xt) is driftless under the measureQ. The processYt satisfies the stochastic differential
equation

(2.10) dYt = η(Yt)dW
Q
t ,

where the volatility functionη(y) is given by

η(Y (x)) = σ(x)Y ′(x) = σ(x)
C

g2(x)
exp

(
−2

∫ x m(s)
σ(s)2

ds

)
.(2.11)

(v) The probability distribution function for the processYt is given by

pY
t (Y (x0), Y (x1)) = e−ρt g(x1)

g(x0)
pP

t (x0, x1)Y ′(x1)(2.12)

Proof. Since the functiong(x) satisfiesLg = ρg, the processMt = e−ρtg(Xt)/g(X0) is a positive local
martingale, thus it is a supermartingale and equation (2.8) correctly specifies an absolutely continuous
measureQ, thus proving (i).

To prove (ii), notice that for any bounded functionf

EQ
0 [f(Xt)] = EP

0

[
Mt

M0
f(Xt)

]
=

∫
D

e−ρt g(x1)
g(x0)

pP
t (x0, x1)f(x1)dx1.

(iii) follows easily from (ii) and the definition of the Markov generator:

LQf(x0) = lim
t→0+

EQ
0 [f(Xt)]− f(x0)

t

The derivativeY ′(x) can be expressed through the Wronskian of the two independent solutionsϕ+
ρ

andϕ−ρ , namely

(2.13) Y ′(x) = (c1c4 − c2c3)
Wϕ+

ρ ,ϕ−ρ
(x)

g2(x)
where

(2.14) Wϕ+
ρ ,ϕ−ρ

(x) = det
∣∣∣∣ ϕ+

ρ (x) ϕ−ρ (x)
ϕ+

ρ (x)′ ϕ−ρ (x)′

∣∣∣∣ = C exp
(
−2

∫ x m(s)
σ(s)2

ds

)
Hence,Y ′(x) is never zero andY (x) is invertible. This proves (iv) and shows that the volatility

term in equation (2.11) is correct. To prove that the processY (Xt) is driftless we need to show that
LQY (x) = 0, which is easily verified:

LQY (x) =
1

g(x)
LPg(x)Y (x)− ρY (x) =

LP(c3ϕ+
ρ (x) + c4ϕ

−
ρ (x))

g(x)
− ρY (x) = ρY (x)− ρY (x) = 0,

since functionc3ϕ+
ρ (x) + c4ϕ

−
ρ (x) is also a solution ofLPf = ρf . �
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2.1. Processes on the Lattice .In this section, we discuss lattice approximations of the processes dis-
cussed above.

If D ⊂ R is a domain andh > 0, let us introduce the following notation:

(2.15) Λ(h,D) = (hZ) ∩D
for its lattice discretization. One strategy to define discretized versions of Markov generators is to replace
first and second space derivatives with a finite difference lattice operator as in the definition below:

Definition 2.3. If h > 0, let∇h
+ be the forward finite difference operator

(2.16) ∇h
+f(x) =

f(x+ h)− f(x)
h

and let∆h be the discretized Laplace operator such that

(2.17) ∆hf(x) =
f(x+ h)− 2f(x) + f(x− h)

h2

The finite difference equivalents of the diffusion generatorL given by (2.1) are Markov generators of
discrete state Markov processes of the form

(2.18) Lh = mh(x)∇h
+ +

σh(x)2

2
∆h,

wheremh(x) andσh(x) are functions defined on the latticeΛ(h,D) and converging tom(x) andσ(x),
respectively, in the limit ash→ 0.

Remark2.4. Discretizing the Markov generator is equivalent to discretizing the spatial variable in the
partial differential equation forXt.

The transition probabilities for the processXh
t are defined as

ph
t (x0, x1) = P(Xt = x1|X0 = x0).

This function satisfies the discrete analogue of the backward Kolmogorov equation

d

dt
ph

t (x0, x1) = Lhph
t (x0, x1),

where the operatorLh acts in the first variablex0 and the initial time condition isph
0 (x0, x1) = δx0,x1 .

As h→ 0 we have (under some technical conditions)

1
h
ph

t (x0, x1) → pt(x0, x1).

The following analogue of lemma (2.1) holds:

Lemma 2.5. LetA ⊂ Λ(h,D) andA is nonempty. Define

τA = inf{t ≥ 0 : Xt ∈ A}(2.19)

be the first passage time toA and let

ϕA,ρ(x) = Ex

[
e−ρτA

]
.(2.20)

Thenϕ(x) = ϕA,ρ(x) satisfies the difference equation{
Lhϕ(x) = ρϕ(x), if x /∈ A,
ϕ(x) = 1, if x ∈ A.

(2.21)

For the proof of this lemma see [?]. This result is important for constructing martingale processes
on the lattice, since it guarantees that for everyρ ≥ 0 the existence of two positive linearly independent
solutions to equation

Lhϕ(x) = ρϕ(x).

These solutions are taken as a starting point in our construction.
The following theorem is the discrete analogue of theorem (2.2):
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Theorem 2.6. LetXh
t be a birth and death process under the measureP taking values on the domain

Λ(h,D) and admitting a Markov generatorLh of the form in (2.18). Select aρ ≥ 0 and letϕ1(x), ϕ2(x)
be two positive, linearly independent solutions to the finite difference equation

(2.22) Lhϕ = ρϕ

defined onΛ(h,D). Given two constantsci ≥ 0, i = 1, 2, let’s define the function

(2.23) g(x) = c1ϕ1(x) + c2ϕ2(x).

The following holds:

(i) there exists a measureQ absolutely continuous with respect toP defined by:

(2.24)
dQt

dPt
= e−ρt g(X

h
t )

g(Xh
0 )
.

(ii) The transitional probabilities of the processXh
t under the measureQ are given by

ph,Q
t (x0, x1) = e−ρt g(x1)

g(x0)
ph,P

t (x0, x1).

(iii) The Markov generatorLh,Q of the processXh
t under the new measureQ is given by the following

formula:

Lh,Q =
1
g
Lh,Pg − ρ.

(iv) The function

(2.25) Y h(x) =
c3ϕ1(x) + c4ϕ2(x)

g(x)

is invertible if 2hmh(x)
σh(x)2

≤ 1 for all x ∈ Λ(h,D). The processYt = Y (Xt) is driftless under the
measureQ.

Proof. The arguments given above to prove (i), (ii),(iii) and (iv) in the continuous case apply and extend
also to the discrete case. The only statement that requires additional work is the one about invertibility of

Y (x). The proof is essentially the same, it uses the discrete Wronskian and the condition2hmh(x)
σh(x)2

≤ 1
ensures that the Wronskian is not zero.

ADD DETAILS FROM THE THESIS OR REFERENCE IT
�

3. BOCHNERSUBORDINATORS

In this section, we review some basic concepts regarding stochastic subordinators and jump processes.

Definition 3.1. Let (Ω, P ) denote a probability space endowed with a right continuous and complete
filtrationFt. A stochastic time change processTt is defined as a right-continuous non-decreasing process
started from 0 and with values in[0,∞).

We shall refer tot as to thecalendar timeand calls = Tt thefinancial timecoordinate. The relative
pace at which financial time proceeds compared to calendar time as modeled by the subordinatorTt,
varies stochastically. A distinguished role is played by a special class of time changed processes called
Bochner subordinators.

Definition 3.2. Let Tt be a stochastic time change process. The processTt is called asubordinatorif
it has independent and homogeneous increments, i.e.Tt+s − Tt is independent ofFt and has the same
distribution asTs.

One can show ( see [10]) thatTt is a Bochner subordinator if and only if

(3.1) E
[
e−λTt

]
=

∫ ∞

0

e−λsρt(ds) = e−tφ(λ)
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for some functionφ(λ), calledBernstein function. As an example, recall the definition of the Gamma
process, which is widely used as subordinator (for example in the variance-gamma model). In this case,
the PDF ofTt is

(3.2) ρt(ds) =
(µ

ν )
µ2t

ν

Γ(µ2t
ν )

s
µ2t

ν −1e−
µ
ν sds

whereµ is the mean rate andν is the variance rate. The corresponding Bernstein function is given by

(3.3) φ(λ) =
µ2

ν
log

(
1 + λ

ν

µ

)
.

Remark3.3. Subordinators could be equivalently defined as increasing Levy processes. Note that the
Levy process is increasing if and only if it has positive drift, only positive jumps and no diffusion com-
ponent.

Definition 3.4. Let Xt be a stochastic process andTt be the time change process (subordinator). The
time-changed (subordinated process)X̃t is defined as

X̃t = XTt
.

One can also show (see [11]) that if L is the Markov generator of a given processXt andφ(λ) is the
Bernstein function for the subordinatorTt, then functional calculus can be used to express the generator
of the time changed process̃Xt = XTt

as

(3.4) L̃ = −φ(−L).

In fact, the probability semigroup forXt is given byexp(tL) and thus the probability semigroup forXTt

can be computed asE[exp(TtL)]. Applying equation3.1, this becomes

E
[
eTtL

]
= e−tφ(−L),

thus the new generator is̃L = −φ(−L).
Recall that if the operatorL is bounded andφ(z) =

∑∞
n=0 φnz

n is an entire analytic function, one can
define the operatorφ(−L) by means of a series expansion convergent in operator norm, i.e. by setting

(3.5) − φ(−L) =
∞∑

n=0

(−1)n+1φnLn

Functional calculus extends also to the case where the Markov generatorL has discrete spectrum. Sup-
pose thatψn(x) wheren = 0, 1, .... is a family of eigenfunctions ofL with eigenvaluesλn, i.e. suppose
that

(3.6) Lψn(x) = λnψn(x).

Suppose also thatψn(x) is a complete orthonormal basis ofL2
ν(R) for some measureν(dx), in the sense

that

(3.7)
∫
ψn(x)ψm(x)ν(dx) = δnm.

Remark3.5. If one can find an orthonormal basis of eigenvectors for the Markov generatorL, then one
is able to compute explicitly the probability density for the processXt as

pt(x0, x1) =
∞∑

n=0

etλnψn(x0)ψn(x1)ν(dx1).(3.8)

This expansion can be justified by noting that the functionpt(x0, x1) is the integral kernel of the proba-
bility semigroupPt = exp(tL).

The operatorL̃ = −φ(−L) can be defined as the operator having the same eigenfunctions asL and
satisfying the eigenvalue equation

(3.9) L̃ψn(x) = −φ(−λn)ψn(x).
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Hence, the probability distribution function forXTt
, which is the integral kernel of the semigroup̃Pt =

exp(tL̃), can be computed as follows:

(3.10) p̃t(x0, x1) =
∞∑

n=0

e−tφ(−λn)ψn(x0)ψn(x1)ν(dx1).

Notice that this equation is very similar to equation (3.8), thus this method of time change is very efficient,
provided we know how to diagonalize the Markov generatorL.

Functional calculus also extends to cases where the Markov generatorL is unbounded, to functions
φ(λ) which are not analytic inλ and to cases where the spectrum ofL is not purely discrete. A Markov
generatorL satisfying the reversibility condition

(3.11)
∫
f(Lg)ν(dx) =

∫
(Lf)gν(dx)

for some measureν(dx) is symmetric in the Hilbert spaceL2
ν(R). Such an operator with reflecting

boundary conditions on the end-points ofD is self-adjoint, see [12], and admits a spectral resolution of
the form

(3.12) L =
∫
λµ(dPλ)

whereµ(dPλ) is a projection valued measure. We refer again to [12] for a definition of projection
valued measure. As an example, we shall quote here the case of the Brownian motion with the generator
L = d2

dx2 . In this case, the kernel ofL is a generalized function given by the second derivative of a delta
function and can be represented as follows:

(3.13) L(x, y) = δ′′(x− y) = −
∫ ∞

−∞

dk

2π
k2eik(x−y).

This equation is in the form that the general spectral decomposition formula in (3.13) takes in this partic-
ular case, showing thatµ(dPλ) in this case is the measure supported onλ ∈ [0∞] whose kernel is given
by

(3.14) µ(dPλ)(x, y) = ei
√

λ(x−y) dλ

4π
√
λ
.

If φ(λ) is Bernstein function, then the operatorφ(L) can be defined by means of the spectral resolution
formula

(3.15) L̃ = −
∫
φ(−λ)µ(dPλ)

as long as the integral appearing here converges to a self-adjoint operator.

4. LEVY PROCESSES AND SUBORDINATEDBROWNIAN MOTION

Levy processes provide the simplest example for the application of the methods in this paper. The
reason is that a subordinated Levy process is also a Levy process. The widely used example is variance-
gamma model, introduced by Madan and Seneta [4] and later extended in [3]. In this model the Brownian
motion with drift subordinated by a Gamma process becomes the Levy process, which is the difference
of two independent Gamma processes.

Levy processes were considered in the finance literature by Clark [13] and then studied by Geman et
al. [14], Gorieroux et al. [15]. If Ft is a martingale process we wish to describe with a Levy model, for
instance a forward price under the corresponding forward measure, the processFt has the form

(4.1) Ft = F0 exp
(
X̃t

)
where

(4.2) X̃t ≡ ωt+XTt
, Xt = θt+ σWt.
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The martingale condition results in a constraint among parameters. For instance, in the case of the
variance-gamma model where the Bernstein function is given by (3.3), the processFt is a martingale if
ω is chosen as follows:

(4.3) ω =
1
ν

log
(

1− θν − σ2ν

2

)
Theorem 4.1. The probability distribution function for the Levy processX̃t defined in equation (4.2)
where the subordinator is characterized by the Bernstein functionφ(λ) can be expressed as follows:

(4.4) p̃t(x0, x1) =
∫ ∞

−∞

dk

2π
etε̃(k;σ,θ,ω)+ik(x0−x1)

where

(4.5) ε̃(k;σ, θ, ω) = iωk − φ

(
σ2k2

2
− ikθ

)
.

The following family of probability functions onΛ(h,R), h > 0, is a pointwise approximation:

(4.6) p̃h
t (x0, x1) =

∫ π
h

−π
h

dk

2π
etε̃h(k;σ,θ,ω)+ik(x0−x1).

where

(4.7) ε̃h(k;σ, θ, ω) =
iω sin(kh)

h
− φ

(
−σ2(cos(kah)− 1)− iθ sin(kh)

h

)
.

Proof. The Markov generator corresponding to the equation in (4.2) is the operator

(4.8) L̃ = ω
d

dx
− φ(−L) where L =

σ2

2
d2

dx2
+ θ

d

dx
.

The eigenfunctions ofL in this case are given byeikx, k ∈ R with eigenvaluesε(k) = −σ2k2

2 + ikθ.
These eigenfunctions are not normalizable sincex ∈ R. The generalized eigenvalue equation forL̃ is

(4.9) L̃eikx = ε̃(k)eikx

whereε̃(k;σ, θ, ω) is given by equation (4.5). Hence, the probability distribution function of the subor-
dinated process is

(4.10) p̃t(x0, x1) =
∫ ∞

−∞

dk

2π
etε̃(k;σ,θ,ω)+ik(x0−x1)

The Markov generator̃Lh of the process̃Xh
t on the lattice, which approximates̃Xt, can be defined as

follows:

(4.11) L̃h = ω∇h − φ(−Lh) where Lh =
σ2

2
∆h + θ∇h.

The generalized eigenfunctions of the discretized Markov generatorsLh and L̃h are still given by the
functionseikx, except that in caseh > 0 the wave-vectork is restricted to the range(−π

h ,
π
h ). The

generalized eigenvalues of the operatorLh are given by

(4.12) εh(k;σ, θ) = σ2(cos(kah)− 1) +
iθ sin(kh)

h
.

The eigenvalues of the operatorφ(−Lh) are thusφ(−εh(k;σ, θ)). Hence, the generalized eigenvalues
of the operator̃Lh = ω d

dx − φ(−Lh) are given by the expression in equation(4.7). We thus obtain the
representation (4.6) for the PDF of the processXh

t . Thanks to the theorem of dominated convergence and
using the explicit expressions for the kernels in (4.6) and (4.4), we then conclude that we have pointwise
convergence, i.e.

(4.13) lim
h→0

p̃h
t (x0, x1) = p̃t(x0, x1).

�
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5. SUBORDINATED HYPERGEOMETRICBROWNIAN MOTIONS AND PROCESSES ON LATTICES

In this section we provide a general algorithm to evaluate probability transition kernels for a class
of driftless diffusions and their counterparts on the lattice. As we discussed, the main ingredient is the
orthonormal basis of eigenvectors for the Markov generatorL. Thus we start with a generatorL with
known eigenvectorsψn(x) and eigenvaluesλn. In particular, we are interested in the processes for which
ψn(x) is a set of polynomials, orthogonal with respect to some measureν(dx). It turns out (see ADD
REFERENCE) that the only diffusion processes, associated with a family of orthogonal polynomials
are Ornstein-Uhlenbeck, CIR and Jacobi diffusions. For details on these processes and their discrete
counterparts (Charlier, Meixner and Hahn birth and death processes) see Appendix ...

First we need to understand what is the effect of transformation discussed in section2 on eigenvec-
tors of Markov generator. We know that after change of measure given by equation2.8 the generator
transforms into

LQ =
1
g
LPg − ρ,

thus the eigenfunctionsψn(x) and eigenvaluesλn transform as follows

ψn(x) 7→ ψn(x)
g(x)

, λn 7→ λn − ρ.

The orthogonality measureν(dx) is transforms intog2(x)ν(dx).
Change of variables do not change eigenvalues and affect eigenvectors and orthogonality measures as

follows:

ψn(x) 7→ ψn(X(y)), ν(dx) 7→ ν(X(dy)).

Notice that there is no derivative in the formula for the measure in the discrete case.
Thus we obtain the expression for the transition kernel of the processYt as follows:

pY
t (Y (x0), Y (x1)) =

∞∑
n=0

et(λn−ρ)ψn(x0)
g(x0)

ψn(x1)
g(x1)

g2(x1)ν(dx1),(5.1)

which is of course equivalent to what given in equation2.12.
At last we can subordinate the processYt to obtainỸt = YTt

. Since the eigenvectors and eigenvalues
of the Markov generator for the processYt are known, the kernel for̃Yt is given by

pỸ
t (Y (x0), Y (x1)) =

g(x1)
g(x0)

∞∑
n=0

e−tφ(−λn+ρ)ψn(x0)ψn(x1)ν(dx1).(5.2)

The algorithm for constructing analytically solvable time-changed driftless process and their lattice
approximations can thus be described as follows:

• LetXt be the process, associated with a family of orthogonal polynomials.
• Fix ρ ≥ 0 and find two positive, linearly independent solutionsϕ+

ρ , ϕ
−
ρ to equation

Lϕ = ρϕ.

In the diffusion case these function are given in terms of hypergeometric functions (see ?????).
For processes on the lattice the above equation is a three point finite difference equation and can
be solved by simple recursion.

• Choose nonnegative constantsc1 andc2 defining functionsg = c1ϕ
+
ρ + c2ϕ

−
ρ and constants

c3, c4 defining functionY (x) = (c3ϕ+
ρ + c4ϕ

−
ρ )/g.

• Choose the subordinatorTt, preferably in such a way so that Bernstein functionφ(λ) can be
easily computed. Important examples are provided by Gamma process and stable processes.

• Compute the transitional probabilities for processỸt = YTt using formula5.2.

Remark5.1. The measure change defined by equation2.8in most cases leads to exit or killing boundary
conditions, thus the transformed processYt is not conservative. This problem can be avoided to some
extent by ensuring thatYt starts away from the boundaries. Also note thatρ is the rate at which the
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process is killed at the boundary (−ρ is the maximum eigenvalue of generator ofYt), thus in order to
keep this effect under control one should takeρ sufficiently small.

6. NON PARAMETRIC EXTENSIONS BY NUMERICAL DIAGONALIZATION

As we have seen in the previous sections, the ability to perform time changes and effectively compute
the transitional probabilities hinges on our ability to diagonalize the Markov generatorL. In the previous
sections we discussed processes having a given set of orthogonal polynomials as eigenvectors of the
Markov generatorL. In the discrete case, these processes are useful since we know their continuous
limit. In other situations though, knowing that the continuous limit exists is sufficient information and
it is convenient to define the process non parametrically and to compute eigenfunctions using numerical
linear algebra.

In a non-parametric approach, the first step is to define the lattice. We assume that the latticeΛ is finite
and hasN nodes, and that the position of the nodes on the real line is given byxi = F (i), i = 1 . . . N
for some increasing functionF .

We specify the processXt on the latticeΛ using it’s Markov generator, which in finite case isN ×N
matrix. As in the previous sections, it is useful to start with the discrete analog of a diffusion processes
and a tridiagonal generator in the form

L =



0 0 0 0 . . . 0 0 0
L21 −L22 L23 0 . . . 0 0 0
0 L32 −L33 L34 . . . 0 0 0
. . . . . . . . . . . . . . . . . . . . . . . .
0 0 0 0 . . . −LN−2N−2 LN−2N−1 0
0 0 0 0 . . . LN−1N−2 −LN−1N−1 LN−1N

0 0 0 0 . . . 0 0 0


(6.1)

Note thatXt specified byL has absorbing boundaries. This is relevant to the constructions below as
we focus on martingale process based onXt. The generatorL also has to satisfy the following two
conditions:

•
∑

j Lij = 0, which ensures the conservation of probability
•

∑
j 6=i Lij(F (j)−F (i))2 = F 2(i)σ2(F (i)), which specifies the ”local volatility” of the process

Each row ofL has three elements and two conditions given above, thus we have one degree of freedom,
which is set by choosing the state-dependent ”drift” of the process.

To subordinate the processXt, as described in the previous sections, first we need to diagonalize the
generatorL. SinceL is a finite matrix, one could use the usual linear algebra algorithms providedN is
not too large. Thus we arrive at the set of eigenvectorsψi ∈ RN , i = 1 . . . N and eigenvaluesλi, such
that

Lψi = λiψi, i = 1 . . . N.

If Ψ is the matrix which hasψi as columns, we find

L = ΨDΨ−1, D = diag{λi}.

The generator for the subordinated processX̃t = XTt is computed as follows:

L̃f = −φ(−L)f = ΨD̃Ψ−1, D̃ = diag{−φ(−λi)},(6.2)

whereφ(λ) is the Bernstein function of the subordinator.
Note that original processXt is defined to have state-dependent drift, so that the martingale condition∑

j

L̃ijF (j) = 0

for the processX̃t is violated. One can restore the martingale condition by changing the off-diagonal
coefficients ofL̃, which amounts to introducing a drift similarly to what is done in the definition of the
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variance-gamma model. If for somei there is a nonzero drift in the process̃Xt is positive:∑
j

L̃ijF (j) = di > 0,

then we add the positive amountdi/(F (i)− F (i− 1)) to the element̃Lii−1 and subtract the same from
L̃ii−1. If di is negative, one addsdi/(F (i+ 1)− F (i)) to the elements̃Lii+1 and subtracct it from̃Lii.
This procedure of adding a drift term leads to a martingale processYt on the latticeΛ.

This idea is very similar and extends the one at the basis of the construction of the variance-gamma
model: one adds an independent pure drift processΠt to offset the drift inX̃t. In the VG modelΠt = wt,
since all the processes are space-homogeneous (Levy) processes. In this more general exampleΠt is state
dependent process; at statei it can jump only upwards (di < 0) or downward (di > 0) to the nearest
state.

Having constructed the martingale processYt having generatorLY , we again diagonalize it to obtain

LY = Ψ̂D̂Ψ̂−1, D̂ = diag{λ̂i}
and the matrix of transition probabilitiesPY

t is easily computed as follows:

PY
t = Ψ̂etD̂Ψ̂−1, etD̂ = diag{etλ̂i}(6.3)

Let’s summarize the construction:

• Start with a processXt on the latticeΛ = {F (i), i = 1 . . . N} admitting only nearest neighbor
transitions. Assume the boundaries are absorbing.

• Diagonalize the Markov generator ofXt

• SubordinateXt to obtainX̃t = XTt
. If there is any drift inXt it would create asymmetric jumps

in X̃t.
• Find the generator̃L for X̃t using formula7.2
• Remove the drift inX̃t by changing the generator̃L 7→ LY .
• Yt is the desired martingale process. To perform computations, diagonalizeLY and use formula

7.3.

Remark6.1. In the third step of the above algorithm, one subordinates the process by an independent
time changeTt. However, in the one could extend the construction to allow for time changes correlated
with the processXt. A possible construction is the following: writeXt as the sum of two processes

Xt = X+
t +X−t ,

whereX+ (X−) is an increasing (decreasing) process. Their generators can be easily found by breaking
L into the sum of the upper-triangular and lower-triangular generatorsL+ andL−.

One can then subordinate each ofX+, X− separately:

X̃+
t = X+

T 1
t
, X̃−t = X−

T 2
t
,

and then finally construct̃Xt as

X̃t = X̃+
t + X̃−t .

This construction is possible because the processes involved are of finite variation. It is also easy to
implement efficiently as it involves just one extra diagonalization.

The algorithm described above is very flexible and useful
HERE WE PUT EUROPEAN PRICES, AND DISCUSS HOW COOL THIS METHOD IS
Another immediate application of this nonparametric method is pricing of barrier options. Assume

we want to price a down-and-out call option struck atK with a barrier atD = F (l) < K. The price of
the option in this case is

CT = E[I{Ys > D, s ∈ [0, T ]}(YT −K)+].

We can reformulate this problem by introducing another processY 0
t , which is basicallyYt with absorb-

tion in the regiony ≤ D. Then the price can be rewritten as

CT = E[(Y 0
T −K)+],
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which is now a usual European option on processY 0
t . The generatorLY 0 for Y 0

t can be obtained from
LY by replacing all the rows with numbersi ≤ l by zeros:{

L0
ij = LY

ij , i > l

L0
ij = 0, i ≤ l

Again, by diagonalizing the generatorLY 0 we can easily compute the transitional probabilities for pro-
cessY 0 and thus find prices of barrier option.

HERE WE PUT THE GRAPHS RELATED TO BARRIER OPTIONS

7. CONCLUDING REMARKS

In this article we introduce a new discretization framework for PIDE’s arising from pricing equations
based on jump processes. The scheme is based on an approximation for the underlying price process. We
focus on a broad class of models which is analytically tractable and compute transition probabilities in
analytically closed form in terms of finite expansions in orthogonal polynomials. The number of terms
in the series is bounded by the number of lattice sites and this ensures rapid convergence. The main
advantage of this discretization scheme is that results don’t depend on the size of time steps one chooses
to use while local no-arbitrage conditions are maintained.
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Appendix A. HYPERGEOMETRIC FUNCTIONS

In this section we review several facts about hypergeometric functions, such as Taylor series, differen-
tial equation and increasing/decreasing solutions to this equation. A good collection of facts and formulas
can be found in [?] and [?].

Hypergeometric functions are defined through Taylor series expansion which generalize the geometric
series

(A.1) (1− z)−α =
∞∑

n=0

α(α+ 1)...(α+ n− 1)
n!

zn =
∞∑

n=0

(α)n

n!
zn.
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Generalizing this expansion, we introduce the functions

(A.2) pFq(α1, ..., αp;β1, ...βq; z), p ≤ q + 1, βj ∈ C \ −Z+

which, for |z| < 1, is the sum of the series

(A.3) pFq(α1, ..., αp;β1, ...βq; z) =
∞∑

n=0

(α1)n....(αp)n

n!(β1)n..(βq)n
zn,

where thePochhammer symbol(α)n is defined by

(α)n = α(α+ 1) . . . (α+ n− 1) =
Γ(α+ n)

Γ(α)
, (α)0 = 1.

Appendix A.1. Hypergeometric function. The hypergeometric function2F1(α, β; γ; z) has Taylor
expansion at0

2F1(α, β; γ; z) =
∞∑

n=0

(α)n(β)n

(γ)n

zn

n!
.(A.4)

This function is a solution to thehypergeometric differential equation

(A.5) z(1− z)F ′′(z) + (γ − (1 + α+ β)z)F ′(z)− αβF (z) = 0.

Two linearly independent solution in the neighborhood ofz = 0 are given by:

w1 = 2F1(α, β; γ; z),(A.6)

w2 = z1−γ
2F1(α− γ + 1, β − γ + 1; 2− γ; z),(A.7)

and in the neighborhood ofz = 1

w1 = 2F1(α, β;α+ β + 1− γ; 1− z),(A.8)

w2 = (1− z)γ−α−β
2F1(γ − β, γ − α, γ − α− β + 1, 1− z).(A.9)

Increasing and decreasing solutions of the hypergeometric equation, which in the caseα > 0, β >
0, γ > 0 andγ < α+ β + 1 are given by:

ϕ+(x) = 2F1(α, β; γ; z),(A.10)

ϕ−(x) = 2F1(α, β;α+ β + 1− γ; 1− z).(A.11)

Appendix A.2. Confluent hypergeometric function. The confluent hypergeometric function1F1(a, b, z)
(also denoted asM(a, b, z)) has Taylor expansion

M(a, b, z) =
∞∑

n=0

(a)n

(b)n

zn

n!
.(A.12)

FunctionM(a, b, z) is a solution to theKummer differential equation

(A.13) zF ′′(z) + (b− z)F ′(z)− aF (z) = 0

Two linearly independent solutions to the Kummer differential equation are given by:

w1 = M(a; b; z), w2 = z1−bM(1 + a− b; 2− b; z).(A.14)

The increasing and decreasing solutions are given by:

ϕ+(x) = M(a; b; z),(A.15)

ϕ−(x) = U(a, b, z) =
π

sin(πb)

(
M(a, b, z)

Γ(1 + a− b)Γ(b)
− z1−bM(1 + a− b, 2− b, z)

Γ(a)Γ(2− b)

)
.(A.16)
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Appendix B. CIR, MEIXNER, JACOBI AND HAHN PROCESSES

Appendix B.1. CIR process.
• Generator

L = (a− bx)
d

dx
+

1
2
σ2x

d2

dx2
.(B.1)

• DomainD = [0,+∞)
• Speed measure and scale function:

ν(x) =
θα+1

Γ(α+ 1)
xαe−θx, s′(x) = x−α−1eθx,(B.2)

whereα = 2a
σ2 − 1 andθ = 2b

σ2 .
• Boundary conditions:D2 = +∞ is a natural boundary for all choices of parameters and

D1 =


exit, if α ≤ −1
regular, if − 1 < α < 0
entrance, if0 ≤ α

(B.3)

• Probability function:

p
(CIR)
t (x0, x1) = ct

(
x1e

bt

x0

) 1
2 α

exp
[
−ct(x0e

−bt + x1)
]
Iα

(
2ct

√
x0x1e−bt

)
,(B.4)

wherect ≡ −2b/(σ2(e−bt−1)) andIα is the modified Bessel function of the first kind (see [?]).
• Spectrum of the generator:

λn = −bn.(B.5)

• Eigenfunctions of the generator:

ψn(x) = Lα
n(θx),(B.6)

whereLα
n(y) are Laguerre polynomials of orderα with the three term recurrence relation:

(n+ 1)Lα
n+1(y)− (2n+ α+ 1− y)Lα

n(y) + (n+ α)Lα
n−1(y) = 0.(B.7)

• Orthogonality relation:∫
D

ψn(x)ψm(x)ν(x)dx =
(α+ 1)n

n!
δnm.

• Eigenfunction expansion of the probability function:

p
(CIR)
t (x0, x1) =

∞∑
n=0

e−bnt n!
(α+ 1)n

Lα
n(θx0)Lα

n(θx1)ν(x1).(B.8)

Appendix B.2. Meixner process.
• Generator

L = (a− bx)∇+
δ +

1
2
σ2x∆δ.(B.9)

• DomainD = {0, δ, 2δ, . . . }
• Spectrum of the generator:

λn = −bn.(B.10)

• Eigenfunctions of the generator:

ψn(x) = Mn(x/δ, β, c),(B.11)

wherec = 1 − 2bδ
σ2 andβ = 2a

cσ2 andMn(y, β, c) are Meixner polynomials with the three term
recurrence relation:

(c− 1)yMn(y, β, c) = c(n+ β)Mn+1(y, β, c)− (n+ (n+ β)c)Mn(y, β, c) + nMn−1(y, β, c).
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• Orthogonality measure (invariant measure) is given by thenegative binomial distributionor Pas-
cal distributionPa(β, c):

ν({x}) =
(β)yc

y

y!(1− c)β
(B.12)

and orthogonality relation
∞∑

y=0

Mn(y, β, c)Mm(y, β, c)nu({x}) =
c−nn!
(β)n

δnm,

wherey = x/δ.
• Eigenfunction expansion of the probability function:

p
(Meixner)
t (x0, x1) =

∞∑
n=0

e−bnt c
n(β)n

n!
Mn(y0, β, c)Mn(y1, β, c)ν({y1}),(B.13)

whereyi = xi/δ ∈ {0, 1, 2, . . . }.

Appendix B.3. Jacobi process.

• Generator

L = (a− bx)
d

dx
+

1
2
σ2x(A− x)

d2

dx2
.(B.14)

• DomainD = [0, A]
• Speed measure and scale function:

ν(x) =
xβ(A− x)α

Aα+β+1B(α+ 1, β + 1)
, s′(x) = x−β−1(A− x)−α−1,(B.15)

whereα = 2b
σ2 − 2a

σ2A − 1 andβ = 2a
σ2A − 1.

• Boundary behavior for the Jacobi process is the same as for CIR process at the left boundary:

D1 =


exit, if β ≤ −1
regular, if − 1 < β < 0
entrance, if0 ≤ β

(B.16)

The same classification applies to right boundary, we only need to replaceβ by α. Notice that
in the case whena > 0, b > 0 and a

b < A (which means that mean-reverting level lies in the
interval(0, A)), we haveα > −1 andβ > −1 and thus both boundaries are not exit.

• Spectrum of the generator:

λn = −σ
2

2
n(n− 1 +

2b
σ2

).(B.17)

• Eigenfunctions of the generator:

ψn(x) = P (α,β)
n (y),(B.18)

wherey = (2x
A −1) andP (α,β)

n (y) are Jacobi polynomials with the three term recurrence relation:

yP
(α,β)
n (y) =

2(n+ 1)(n+ α+ β + 1)
(2n+ α+ β + 1)(2n+ α+ β + 2)

P
(α,β)
n+1 (y) +

+
β2 − α2

(2n+ α+ β)(2n+ α+ β + 2)
P (α,β)

n (y) +

+
2(n+ α)(n+ β)

(2n+ α+ β)(2n+ α+ β + 1)
P

(α,β)
n−1 (y).

• Orthogonality relation∫
D

ψn(x)ψm(x)ν(x)dx = p2
nδnm =

(α+ 1)n(β + 1)n

(α+ β + 2)n−1(2n+ α+ β + 1)n!
δnm.
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• Eigenfunction expansion of the probability function:

p
(Jacobi)
t (x0, x1) =

∞∑
n=0

e−λnt

p2
n

P (α,β)
n (y0)P (α,β)

n (y1)ν(y1),(B.19)

whereyi = (2xi

A − 1).

Appendix B.4. Hahn process.

• Generator

L = (a− bx)∇δ +
σ2

2
x(A− x)∆δ.(B.20)

• DomainD = {0, δ, 2δ, . . . , Nδ}
• Spectrum of the generator:

λn = −σ
2

2
n(n− 1 +

2b
σ2

).(B.21)

• Eigenfunctions of the generator: Hahn polynomials

ψn(x) = Qn(x/δ;α, β,N),(B.22)

where the parametersα, β andN can be found from the following system of equations:
β + α+ 1 = 2b

σ2 − 1,
N + β + 1 = A

δ ,

N(α+ 1) = 2a
σ2δ ,

N ∈ N.

(B.23)

Note that due to the restrictionN ∈ N, these equations do not have solutions for all values
of parametersa, b, A, σ. In applications we start with parametersβ, α,N and then compute
a, b, A, σ.

Hahn polynomials satisfy the following three terms recurrence relation:

− yQn(y) = AnQn+1(y)− (An + Cn)Qn(y) + CnQn−1(y),(B.24)

whereQn(y) = Qn(y;α, β,N) and{
An = (n+α+β+1)(n+α+1)(N−n)

(2n+α+β+1)(2n+α+β+2) ,

Cn = n(n+α+β+N+1)(n+β)
(2n+α+β)(2n+α+β+1) .

• Orthogonality measure is given by the scaledhypergeometric distribution:

ν({δy}) =
(
α+ y
y

) (
β +N − y
N − y

)
(B.25)

Orthogonality relation:

N∑
y=0

Qn(y;α, β,N)Qm(y;α, β,N)ν({yδ}) = q2nδnm,

q2n =
(−1)n(n+ α+ β + 1)N+1(β + 1)nn!
(2n+ α+ β + 1)(α+ 1)n(−N)nN !

.

• Eigenfunction expansion of the probability function:

p
(Hahn)
t (x0, x1) =

∞∑
n=0

e−λnt

q2n
Qn(y0;α, β,N)Qn(y1;α, β,N)ν({y1}),(B.26)

whereyi = xi/δ.
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