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ABSTRACT. Bidirectional valuation models are based on numerical methods to obtain kernels
of parabolic equations. Here we address the problem of robustness of kernel calculations vis
a vis floating point errors from a theoretical standpoint.

We are interested in kernels of one-dimensional diffusion equations with continuous co-
efficients as evaluated by means of explicit discretization schemes of uniform step h > 0 in
the limit as Ao — 0. We consider both semidiscrete triangulations with continuous time and
explicit Euler schemes with time step so small that the Courant condition is satisfied. We
find uniform bounds for the convergence rate as a function of the degree of smoothness. We
conjecture these bounds are indeed sharp. The bounds also apply to the time derivatives
of the kernel and its first two space derivatives. The proof is constructive and is based on
a new technique of path conditioning for Markov chains and a renormalization group argu-
ment. We make the simplifying assumption of time-independence and use longitudinal Fourier
transforms in the time direction. Convergence rates depend on the degree of smoothness and
Holder differentiability of the coefficients. We find that the fastest convergence rate is of order
O(h?) and is achieved if the coefficients have a bounded second derivative. Otherwise, explicit
schemes still converge for any degree of Holder differentiability except that the convergence
rate is slower. Holder continuity itself is not strictly necessary and can be relaxed by an
hypothesis of uniform continuity.
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1. INTRODUCTION AND NOTATIONS

The numerical calculation of kernels for parabolic equations is essential for the construction
of flexible bi-directional valuation models which can be used equally well to price European or
callable options one the one hand and for Monte Carlo scenario generation on the other. However,
computing kernels is notoriously a very difficult task numerically because of the interplay between
high frequency noise due to floating point errors and the hard delta function singularity of the
initial condition.

The simplest differentiation schemes are based on explicit Euler methods and have tradition-
ally been discarded as they are stable only if the time step length is shorter than the Courant
bound, (Courant et al. 1928). In Finance application, the Courant bound is quite short as it
ranges from an hour to a day. If one insists on storing matrices in sparse format and insists
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on basing a solution method upon sparse matrix-vector routines, then one is confined to meth-
ods involving a number of iterations inversely proportional to the time step and respecting the
Courant bound is less than practical. There are thus two alternatives.

A first possibility is to use a semi-implicit Crank-Nicholson method which is unconditionally
stable and thus lends itself to longer time steps. However, Crank-Nicholson (Crank and Nicolson
1947) schemes are only weakly stable: they are suitable for bounded initial conditions and thus
not for kernels, (Mingyou and Thomee 1982). Even for non-smooth payoffs such as that of a call
option one notices decaying spurious oscillations if the ratio of time step to the Courant bond
for the stability of explicit Euler methods is larger than 3-4. An alternative within the realm of
unconditionally stable methods is given by fully implicit schemes which are strongly stable and
suitable for kernels but they are imprecise. A fully implicit scheme can in fact be interpreted as
an explicit scheme for a time changed process with jumps characterized by a long stability time
step due to an explicit regularization of the diffusion term.

In this paper, we explore a different venue and indeed choose to respect the Courant condition
and to work with a conditionally stable explicit differentiation scheme. This is possible only if
one is willing to use third level BLAS methods, i.e. methods based on matrix multiplication
and ultimately fast exponentiation as these methods are insensitive to the length of the time
step. Current computing technology not only gives access to high performance accelerators for
matrix-matrix multiplication but even favors these methods as they are the only ones which are
truly compute bound: second level sparse BLAS methods instead tend to be memory bound and
are unable to scale well with the computing power of multi-core architectures.

This paper was motivated by the empirical observation of a great degree of robustness and
stability of explicit methods when used for the purpose of calculating kernels of stochastic differ-
ential equations. Extensive empirical evidence accumulated over several years of model building
for derivatives across nearly all asset classes show without any doubt that third level BLAS
methods can be confidently used to implement truly bi-directional models even when using
single precision floating point arithmetics. In addition to that, even derivatives of kernels are
accessible via numerical differentiation.

The extraordinary difference in degree of robustness between explicit methods and semi-
implicit one needs to be understood theoretically. Unlike a fully implicit scheme, an explicit
scheme is not introducing an approximation and a regularization of the original process, but
instead represents it quite faithfully.

The observed signal-to-noise level for explicit methods is much lower than what any naive
back-of-the-envelope estimate would arrive at by means of worst case type of estimates whereby
one resums errors in absolute value. One is led to conclude that systematic cancelations of errors
of different sign is responsible for this behavior, a subtle phenomenon that we think is important
to understand mathematically. In this paper, we attempt to demonstrate that the dampening
of the noise caused by floating point errors is due in fact to the natural smoothing properties of
parabolic differential equations.

The reality of floating point errors does not lend itself easily to faithful mathematical modeling,
especially when one aims at deriving rigorous results. We thus have to deform the problem into
a toy model. We consider a pair of backward and forward one-dimensional diffusion equations
of the form

(1) SR L =0, olyt) = £ g(u:)
where
2
(12) £9 = S0l oy + pla) o
and its adjoint formally acts as follows:
(1) (£20)) = 2 (0()0w) — 2 (u(y)o(w).
¢ 2 0y? Ay
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on a test function ¢. These equations are defined on the bounded interval A = [-L,L] C R
where 0 < L < oo. For simplicity, we assume periodic boundary conditions and identify the two
boundary points +L with each other.

In order to model the effect of floating point errors, in most of the paper the coefficients o(x)
and p(x) are assumed to be just Holder differentiable. More precisely, if a € (0,1], k € N where
N = {0,1,...} and the function ¢(x) € C*(A) has k > 1 continuous derivatives, then one says
that ¢ is Holder differentiable of order (k, «) if there exists a constant ¢ > 0 such that

(1.4) |6™) (2) — ¢ (y)| < cd(z, )"

uniformly for all z,y € A. In case k = 0 the function is called Holder continuous. The distance
is defined consistently with the assumed periodic boundary conditions and is given by

(1.5) d(xz,y) = min|z —y — 2Ln|.

The linear space of Holder continuous or Holder differentiable periodic functions of order (k, o)
on A is denoted with C¥®(A). We are interested in the case where 02 € C*(A) and p € C3P(A)
with k+a >0and j+ 0 > 0.

The hypothesis of Holder continuity can be relaxed slightly by assuming uniform continuity
instead, i.e. that both o(x)? and p(x) satisfy a bound of the form

(1.6) |p(z) — d(y)| < cp(d(z,y))

where p(d) is a non-decreasing function such that limgjo p(d) = 0.
Let ug(z,y;t) denote a kernel of equation (1.17), i.e. a weak solution of the forward equation

0
(1.7) 5 to(@,yt) = Ly uo(w, ys; 1)
where the operator Eg* acts on the y coordinate and the following initial time condition is
satisfied:

(1.8) ltillgluo(x,y;t) =4z —vy).

The kernel ug(z, y;t) formally satisfies also the backward equation
0

(1.9) 50 (@, t) + Lauo(w, y t) = 0

where the operator £ acts on the z coordinate.

We are interested in existence, uniqueness, smoothness and approximation schemes for the
kernel ug(z,y;t), its first two space derivatives with respect to the x variable and its first time
derivative Oyuo(z,y;t). As a byproduct of this analysis, we also find conclusions about the
convergence of LOuq(z,y;t) and Eg*uo(m, y; 1), as both expressions equal the first time derivative.

Diffusion equations are one of the single most studied topics in the literature. Existence and
uniqueness questions for the kernel were address in (Kolmogorov 1931), (Feller 1936), (Hille
1948), (Yosida 1951) and (Ito 1957). A classification of all the possible boundary conditions is in
(Feller 1952). The case of Holder continuous coefficients was resolved in (Philips 1961) based on
methods in (Friedrichs 1958) and (Lax and Phillips 1960). The hypothesis of Hélder continuity
was relaxed to uniform continuity in (Fabes and Riviere 1966) and (Stroock and Varadhan 1969).
Strook and Varadhan also introduce a new probabilistic framework where existence is proved by
reduction to the so-called martingale problem and a compactness argument, thus shifting the
attention from the kernel itself to the underlying measure space.

The existence of a weak limit of continuous time Markov chains as h,, | 0 was established in
(Sova 1967) and (Kurtz 1969) by using operator semigroup methods, see also the book (Ethier
and Kurtz 1986) for a review. Convergence in the semigroup sense takes place if the limit

(1.10) (Ti¢)(x) =  lim S un, (@ yit)e(y)

m—oo,m>n

yEhm ZNA



4 CLAUDIO ALBANESE

exists for all test functions ¢ € C*°(A), uniformly for all z € A,,n > 0. A key result is that
a necessary and sufficient condition for this limit to exist and define a semigroup 7; is that
generators converge also in the same Banach space, i.e. that also the limit

: hm 4 _ 0O
(1.11) Jim L6 = L6

exists in the uniform norm for all test functions ¢ € C>°(A). See (Ethier and Kurtz 1986) for a
precise statement with all the technical conditions and a proof. In (Stroock and Varadhan 1979)
convergence is reconsidered again by reduction to the martingale problem.

The problem has also been studied extensively in the numerical analysis literature. Explicit
and implicit Euler schemes where coefficients are smooth and the data is rough in the sense that
it belongs to a L? space have been considered by several authors. In the case that the Markov
generator is symmetric and time independent, one can make use of a spectral representation as
in (Baker et al. 1977) and with greater effort such methods may also be used for more general
situations, see (Suzuki 1978). In (Luskin and Rannacher 1978), a parabolic duality argument
is used to show convergence for the standard Galerkin method. (Mingyou and Thomee 1982)
use a simpler argument based on energy estimates. In (Palencia 1996) one finds convergence
bounds in maximum norm assuming the initial condition is uniformly bounded and coefficients
are constant.

In this article, we revisit this classic theme by considering the problem of obtaining the kernel
constructively as a limit of increasingly fine triangulations schemes and in assessing the rate of
convergence with pointwise bounds on the kernel itself. More precisely, let h,, = L27™ m € N
and let A,,h,,Z N A. Consider the sequence of operators

2
(1.12) Lr = L(;@
defined on the 2™ *!-dimensional space of all periodic functions f,, : A,, — R, where

f(w"‘hm)_f(x_hM)
2R, ’

AT 4 p(2) V™

(1.13) Vi f(x) =

and
n 2
These definitions also apply to the boundary points by periodicity. We assume that m > myg
where my is the least integer such that
o*(x) _ |u(@)|
1.1
(1.15) 2h2, 2hm

(1.14) AT f(x) =

for all m > mg and all z € A,,.
Let up, (z,y;t) denote the kernel of equation (1.17), i.e. the solution of the (forward) equation

(1.16) (z,y;t) = Ly um(z, y; )

—u
o™
where the operator L' acts on the y coordinate and the following initial time condition is
satisfied:

(1'17) ltllrf)l um(xa Y; t) = h’:nlam(x - Z/)-

Here,

(118) b —y) =

1 if x=y mod2L
0 otherwise.

Since (1.17) is a finite system of linear ordinary differential equations, the solution exists and is
unique for all times. The kernel w,, (z, y; t) satisfies also the backward equation

(1.19) %um(%y;t) + L’;’?um(a:,y;t) =0
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where the operator £ acts on the x coordinate. Using functional calculus notations for the
exponential of a matrix, we also have that

(1.20) Um(x,y;t) = hi exp (tL™)(z,y).

Our main result can be stated as follows:
Theorem 1. Suppose that 0% € C* and p € C7° and let
(1.21) v =min{2,k + «,j + 5}

Assume that v > 0 and that o(x) > X for some constant Xy > 0. Then there is a constant
¢ > 0 such that for allm’ > m > mg and all x,y € A,, the following inequalities hold:

(i)
(1.22) [t (2, Y5 1) — Uy (2,13 1) |< ch),
(i)
|Oum (T, Y5 1) — Oyt (2, Y3 1)
= L o (2,55 1) = L3 s (2, 43|
= L7 U (2,93 1) = L7 s (2,53 1)| < ch,.
(1.23)

A version of this theorem under slightly weaker conditions can be formulated as follows:

Theorem 2. Suppose that o(x)? and u(x) are uniformly continuous functions in A. Let the
function p(d) be non-decreasing and be such that limgjop(d) = 0 and equation (1.6) holds.
Assume also that o(x) > g for some constant Lo > 0. Then there is a constant ¢ > 0 such that
for allm’ > m > mg and all z,y € A,, the following inequalities hold:

(i)
(1.24) U (2, Y5 1) — U (@, Y3 )| < cp(him)
(ii)
|0kt (2, 43 ) — Oyt (2, 3 1)
= L0 (2, y58) — L0t (2,95 1)|
= L (2,93 8) — L3t (2,33 8)| < cp(Pm).
(1.25)

Next, we consider the case where also time is discretized and prove the following result:

Theorem 3. Suppose that o* and u satisfy equations of the form (1.6) with a non-decreasing
function p(d) such that limgjo p(d) = 0. Assume also that o(z) > Xg for some constant 3¢ > 0.
Consider the discretized kernel

(1.26) (2, ;) = byt (14 tL™) 5] (2,3,
where L™ is the operator in (1.12) and Ot,, is so small that
(1.27) mi‘n 146t L (z,2) >0

TEAmM

Assume that boundary conditions are periodic and that the ratio % = N is an integer. Then

here is a constant ¢ > 0 such that the following bounds hold for all m > mqg and all x,y € Ay,:
(i)

(1.28) [t (z, y; 1) — uf,fb(ac,y; t)|< ch?n
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(i)

upt (z, y; t + 8t) — udi(z,y;t)
5t

= Ly um (2, y3 ) — Ly udl (2, y; 1)

= L7 um (2, y3 ) — L7 udl (2, y; 1)| < ch?

Oyt (2, y5t) —

(1.29)

The conditions we choose to work under are fairly restrictive but can presumably be relaxed.
The assumption that boundary conditions are periodic is for instance a substantial limitation.
Dirichlet, i.e. absorbing, boundary conditions would cause an accumulation of probability at the
boundary translating in a delta function singularity for the kernel and thus spoil our regularity
estimates. However, one would expect the uniform estimates to extend to this case if one had
to restrict bounds to apply strictly away from the boundary.

The strong ellipticity condition in (1.15) can also presumably be relaxed. In (Albanese 2006)
we extend the results in this article to the hypo-elliptic case of the joint process between a
stochastic differential equation and a stochastic integral over it. However, the estimates we
obtain involve a Hardy-type norm in the analytic continuation of a partial Fourier transform of
the joint kernel. This is needed to regularize the singularities of the joint kernel itself.

Finally, a question that is interesting but will remain unanswered is whether the results in
this article extend to higher dimensional problems. We expect they do under the Hérmander
conditions, but the methods of proof in this paper do not seem to extend immediately to the
more general multi-dimensional case.

The paper is organized as follows. In Section 2 we consider the case of Brownian motion and
review a result in (Albanese and Mijatovic 2006) which establishes the theorems above in this
simple particular case where Fourier analysis in the space direction can be used to carry out a
precise calculation. In Section 3, we consider the case of a diffusion where both the volatility
and the drift have two bounded derivatives. In this case, we make use of time-homogeneity and
carry out a Fourier transform in the time direction after path conditioning. In Section 4, we
extend the derivation to the case of non-smooth coefficients. Section 5 is dedicated to the case
where time is discretized and we prove Theorem 3.

2. CONSTANT COEFFICIENTS

In this Section, we prove Theorem 1 in the special case where the volatility and the drift
coefficients are constant, i.e.

1
(2.1) Lm, = pVm 4 50%21.
It suffices to consider the case m’ = m + 1. Let B,,, be the Brillouin zone defined as follows:
2m—lr  krn
2.2 B,, =14 — —,k=0,.2" -1
22) -+ % }
Let F, : £2(Ap) — £%(B,,) be the Fourier transform operator defined so that:
(2.3) )= Fn(H)p) = b Y fla)e ™
TEA,

for all p € B,,. The inverse Fourier transform is given by

—1/F 1 £ ipx
(2:4) Ful(F)@) =57 > fw)e™.
PEBm
The Fourier transformed generator is diagonal and is given by the operator of multiplication
by
sin hyy,p n 5€08 hyp — 1

(2.5) 0m™(p) = Fu L™ Ft(p,p) = —ip - o=
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‘We have

1 S
(2.6) Ul yit) = 5z S O,

PEBm

Using this Fourier series representation, we find
|um($> Y; t) - ’U,erl(QT, Y; t)’

th( )_ tém+1( ) i ( —:E) i t27n+1( ) i ( —:c)
Z(e T p>6py top| 2. et el

PEBm+1\Bm

(2.7)

Let

|10g hm+1|
2.8 K, =1 ————.
(2.8) Vi

If h,, is small enough, i.e. if my is sufficiently large, we have that

1 pm ; 1 pm thm —1

5L Z et ) ip(y—2)| < 57 Z R () < cexp <tg2coshfn) < Chfn-
PEBm,|p|>Km PE B, |p|>Km

(2.9)

where R(a) denotes the real part of a € C and ¢ denotes a generic constant. Similarly

1

Z (D) pin(y—)

PEBm+1,|p|>2Km

1 R (p))
< oL Z e
PEBm,|p|>Km

Shpmy1 K — 1
< cexp (tUZCObm;l> < chfn_H
herl
(2.10)
Since
1 1 sinhp sin2hp 1
2.11 —h?p® — —h'p® < — < —h%p3
(2.11) o' P TR =T on — 2" ?
and
1 coshp—1 cos2hp — 1 1 1
2.12 ——h*pt < - < ——h?p* + —n'pS.
(2.12) g =2 ez SRt Eh?
we find that if |p|< % then
pm\ _ pm+1 Ky 13 12 2 4
(2.13) |67 (p) = " (p)l< TR+ g P
Moreover, since
1 hp —1 1 1
(2.14) R g g By

20 = h - 2 24
we conclude that in case |p|< h’l\/g , the following inequality holds:

coshp —1 1,
2.15 —_— <=
(2.15) P S P
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Hence, if my is large enough, we find

1oy (etmp)6t2m+1<p>)6ip<yz>
pEBnu\P\SK
1 1 pt o
ch Y ()
PEBm,|p|<K
1 pt 2 1P 2

PEBm,|p|<K

for some constant ¢ > 0 independent of m. This concludes the proof of convergence for the
kernel in the special case of constant coefficients.
To estimate the first derivative, notice that

1 n R
(217) V’u,m(x’y’t) — f Z eté (p )Slnhp zp(y :v)
PEBm, m
and

| (2, Y5 t) — U1 (2,5 1)

< 1 Z <etém(p) sinphy, () sinphmﬂ)eip(y_m)
2L pEDBm hm hm—i—l
1 1+ (p) ip(y—)
+ Y Z e PlePy—o)
PEBm4+1\Bm
(2.18)
Let
|10g hm+1|
2.19 K,, = 24/ Lo8ltmt1l
(2.19) 5

If h,, is small enough, we have that

1 £ (p) sin ph, cip(y—2) 1 tm(ﬁm(p))blnph
AN DR A E T A S T
PEBm,|p|>Km PEBm,|p|>Km
_csmKh ’ ( 2cosKh )SChgn-

(2.20)
where ¢ denotes a generic constant. Similarly

1 Y e

(2.21) — < ch?.
PEBm41,|p|>Km

If m is large enough, we also find

L Z Sinphm etlfm(p) s1nphm+1 t[erl(p) ip(y—z)
hm hm+1

PEBm,|p|<Km

1
gﬁz

PEBum, |p|<Km

i 2
sin ph, ‘ew (e B ol S 1>

m

1,2
1P < ch?

— m

+e

sinphmy1  sinphy, ‘
hm+1 hm
(2.22)

for some constant ¢ > 0 independent of m. This concludes the proof of the bound of the first
derivative. The second derivative can be derived in a similar way.
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Finally, consider the following Fourier representation for the discretized kernel

1 . 3
ot . _ m i —x
(2.23) Uy (0, 531) = - > <1+5w (p)) ePy=),

pEBm

Consider the formula

X ta X
(2.24) <1 + 5t€m(p)> = exp <t log (1 + Em(p))>.
and let’s represent the difference between the discrete and continuous time kernels as follows:
[ (@, y3 1) — ups (2, 93 )|

: Z (exp (tgm(P)) — exp ((Stt log (1 + 5tém(p))> eP(y—2)

2L
PEBm

IN

1 1,2
N e*zp
2L pEng;SKm
1
ST

PEBm ,p>Km

exp <;t log (1 + 6ti™(p)) — tém(p)> — 1‘

exp (tém(p))‘ - % > |exp (;t log (1 + 5tfm(p))) ‘

PEBm,p>Km
(2.25)

where K, is chosen as in (2.8). The very same bounds above lead to the conclusion that this
difference is < ch?2,.
3. SMOOTH COEFFICIENTS

In this section, we prove Theorem 1 in the case where the drift and volatility are both of class
C:9 ie. they depend smoothly on the space coordinate but not on the time coordinate.
Let us introduce the following two constants characterizing the volatility function:

(3.1) Yo = inf o(z), ¥;= sup o(2)2+ hp|u()|.
TE€AM, TEA,
and let
(3.2) M = sup |u(z)].
TEAM,

Due to our assumptions, we have that ¥y > 0 and %1, M < oo.

A symbolic path v = {y0, 71,72, ....} is an infinite sequence of sites in A, such that v; # v;_1
for all j = 1,.... Let I'),, be the set of all symbolic paths in A,,. The kernel of the diffusion
process admits the following representation in terms of a summation over symbolic paths

1 =
(33) (2, 438) =7— ) 27" > Wn(7,4.1)
7=1 VEFmZ’YO:-'L‘v'Y.q:y
i —=v-l=1Vji=1
where
(3.4)
1 t t t m q_l m
Wn(v,q,t) = h7/ dsl/ dSQ._./ dSqe(t—Sq)L (Yarva) H <6(8j+1—8j)£ (’Yjﬁj)QEm(,yj,,ijrl))
m JO s Sq— .
1 q—1 j=0
with So = 0.

Let us introduce the following Green’s function:

(3.5) G2, y;w) :/0 U (2, y; t)e " 0dt = h#m(%y)
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Im(w)

c/h

c/h?

™ e 4 |loghl/t

cl = Re(w)
4 |logh|/t

FIGURE 1. Contour of integration for the integral in (3.52). Cy4 is the countour
joining the point D to the points F, A, B. C_ is the countour joining the point
B to C to D.

The propagator can be expressed as the following contour integral
d ; d
(3.6) um(l‘,y;t)=/ wam(w,y;w)e“’“r/ G,y w)e
c_ 2 Cy 2
Here, C; is the contour joining the point D to the points F, A, B in Fig. 1, while C_ is the
contour joining the point B to C to D. By design, each point w on the upper path C; is
separated from the spectrum of L.

wt

Lemma 1. There is a constant ¢ such that, if m > mg then

d 4
(3.7 [ e <
c. 2T
Proof. The proof is based on the geometric series expansion
1 > 1 1 J
3.8 Guw)=ht——=ht —— |V
(38) @) LM 4w m jgo 102A™ +jw [M 102A™ + jw

whose convergence for w € C; can be established by means of a Kato-Rellich relative bound, see
(Kato 1966). More precisely, for any « > 0, one can find a 8 > 0 such that the operators V™
and A™ satisfy the following relative bound estimate:

(3.9) IV fll2< ol |A™ fll2 4B £ |2-

for all periodic functions f and all m > mg. This bound can be derived by observing that V™
and A™ can be diagonalized simultaneously by a Fourier transform, as done in the previous
section, and by observing that for any « > 0, one can find a § > 0 such that

cosh,,p—1
mpP 13

hi

sin hy,p
hm,

(3.10)

for all m > mg and all p € B,,.
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Under the same conditions, we also have that

2Ma 1
(3.11) vl < 255 [5o2ams |+ 81l
2
Hence
1 2M o 1 1
3.12 v?e—— < A — | ey em—— <1
(312) HM F02A™ +iw” ||, 2 27 %UZAm—i—iwf 9 b F02A™ + iw

where the last inequality holds if w € C, if « is chosen sufficiently small and if m is large enough.
In this case, the geometric series expansion converges in (3.8) converges in L? operator norm.
The uniform norm of the kernel |G, (z,y;w)| is pointwise bounded from above by h_!.

Since the points B and D have imaginary part equal at height 4%, the integral over the

contour C, converges also and is bounded from above by ch?, in uniform norm.
O

Lemma 2. If ¢ > i we have that

2h2

q 22
. m 9 ; S ~ - T4 .
(3.13) Wi (7,4:t) < 4/ 5, CXP ( 5 q)

Proof. Let us define the function

5t

(3.14) o(t) = TER e 2" 1(t > 0)
where 1(¢ > 0) is the characteristic function of Ry. We have that
(3.15) Wi (7, ¢;t) < ¢™(t)

where ¢*? is the g—th convolution power, i.e. the g—fold convolution product of the function ¢
by itself. The Fourier transform of ¢(t) is given by

~ 22 e —iwt—L‘Q)t 22
1 T mZ = —L
(316) ¢(w) 2h,2n/0 N 2iwh?, + X%

m
The convolution power is given by the following inverse Fourier transform:

o dw $1\% [ 2iwh2,\ 1 L dw
3.17 *q(1) = qiwt®™ [ ~1 1 m iwt 39
am o= [ s (B)[L0-552)

2uuh

Introducing the new variable z = 1 + =, the integral can be recast as follows
vy — Zo ?q . - X3t
(3.18) P*(t) = iz ngr(l)o . 2z~ %exp Mz (z—1) | dz

where Cg is the contour in Fig. 2. Using the residue theorem and noticing that the only pole of
the integrand is at z = 0, we find
wl3H)
exp .
2h2,

1 Y2t
*q _ 1
Making use of Stirling’s formula ¢! ~ v/ 27rq‘1+%e_q, we find

(g —1)!

2 2
waipy o |4 X5t M9t _
(3.20) ¢ U(t) = 4/ 5 OXP ( 2h2 + qlog — ohZ +q(1 —logq)
If log ¢ > log 223 + 2, then we arrive at the bound in (3.13).

O

It suffices to consider the case m’ = m + 1 for all values of m above a fixed threshold. In fact,
given this particular case, the general statement can be derived with an iterative argument. To
this end, we introduce a renormalization group transformation based on the notion of decorating
path.
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1+R

1-iR !

FIGURE 2. Contour of integration Cp for the integral in (3.18).

Definition 1. (Decorating Paths.) Let m > mg and let v = {yo, y1, Y2, ....} be a symbolic
sequence in Ty,. A decorating path around vy is defined as a symbolic sequence ¥ = {yo, Y1, Yh, .-}
with y; € hyms1Z containing the sequence v as a subset and such that if yg =y; and Yy, = Yit1,
then all elements y,, with j <n <k are such that |y, — yY;|< hyy1. Let Diya(y) be the set of
all decorating sequences around . The decorated weights are defined as follows:

(3.21) W(vat) =Y > WY, d5t).
7=q 7" € Dint1(7)
Vo = Ya

Finally, let us introduce also the following Fourier transform:

o0 N [e’s) B ]
(3.22) Wi (7, ¢ w) =/ Wi (7, s )e'tdt, Wi (v, ¢;w) =/ Win (v, g;t)e’ dt.
0 0

Notation 1. In the following, we set h = hp,4+1 so that h,, = 2h. We also use the Landau
notation O(h™) to indicate a function f(h) such that h=" f(h) is bounded in a neighborhood of
0.

Lemma 3. Let z,y € A,, and let C_ be an integration contour as in Fig. 1. Then

(3.23) ([ 26mntosie) = Gty ) 52| = 002,

2w
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Proof. We have that
(3.24)

1 2 R
2Gm 1 (2, y;w) = Gm(z,y50) =4 > 2 > (2Wm(% ¢ w) = Win(v, w)) :
= 7€Fm1702$7'\/q:y
I —vj-1l=1V5 > 1

The number of paths over which the summation is extended is

(3.25) N, gr,y) =H{y €lm =27 =y, —v-1l=1Vj = 1} = (q jlr k)
2

where k = % Applying Stirling’s formula we find

2

mq

- d
‘/ <2Gm+1(:c,y;w)—Gm(:c,y;w))e“’tw
c_ 27

s . - d
ZZ\[ max ‘/ (2Wm(%q;w)—Wm(%q;w)>e“”t2w‘~
=1V IyeTn =27 =y T
v —

] 1‘—1V]21

(3.26) N, <20

Hence

(3.27)

for some constant ¢ = \/% > 0. It suffices to extend the summation over ¢ only up to

e?¥2t
To resum beyond this threshold, one can use the previous lemma. More precisely, we have that
L d

[ (260 Guloie) ) 152

c_ 2T

(& max 2 = l d
< 7”(2 max <2Wm(%q;w) = W7, q;@)@’“t; -
¢yElm i =2,7%=y T

Ivj —vj—1l= 1V > 1

(3.29)
Let v(x) = o(x)?. To evaluate the resummed weight function, let us form the matrix
_1)(T+h) v(z+h)  p(zth) 0
; v Jum T e oe)  pla)
(3.30) L(z;h) = | 92 + 4 ety i ( h) o (_ 7
0 T 2h2 + £ T h2
and decompose it as follows:
5 1 1. _ _
(3.31) L(z;h) = ﬁﬁo(:v) + Eﬁl(m) + Lo(x) + hLz(x) + O(h?).
where
B —v(x) %v(x) 0
(3:32) Lor) = [ o) 2e(x) o) |,
0 1u(z) —v(x)
) (@) M) - Lu() 0
(3.33) i) = | uo) 0 @) | |
0 L@ +iue) )
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) ~L@) L) - L (@) 0

(3.34) Lo(x) = 0 0 0
0 Wi(@) — bl(e)  —ho"(@)
and
) 7%1}///(93) %’UW(I) - %‘u//(x) 0
(3.35) Ls(x) = 0 0
0 7%,0///@@ 4 %M//(x) %’U”/(ﬂt)
Let us introduce the sign variable 7 = £1, the functions

(3.36) bolt,x,7) = 2L (x, x + 27h)eX" D) 1(t > 0)
(3.37) o1 (t, 2, 7) = 2L (@ + Th, @ + 27R)CE) (4, 2 + TR)1(t > 0)

and their Fourier transforms
() ()
) = (U(x) p 0D | ) i) (W(x) + //2(96)) Th+ O(h2))

h? h 2 6
(3.38) < z|(=L(z;h) + iw)_l |z +7h > .
where
0 57’,1
(3.39) le>=|1], and |zx+7h>= 0
0 67'771

We also require the functions
(3.40) Yo(t,z) = £ @D >0), Yyt a) = LW (2, 2)1(t > 0)

and the corresponding Fourier transforms

(3.41) Yo(w, x) = (1:1(52) + iw>_ . hi(w,x) =< a|(—L(z; h) + iw)_l |z > .

If v is a symbolic sequence, then

q—1

(3.42) Wi (7, ¢3w) = Po(w,74) [ do(ws s senlrier — )
j=0

(3.43) Wi (7, ¢ w) = ¥1(w,7g) | | &1(ws s, s8n(v541 — 75))-
j=0

Let us estimate the difference between the functions ¢; (w,z,7) and bs (w, z, 7) assuming that
w is in the contour C_ in Fig. 2. Retaining only terms up to order up to O(h*), we find

- B 2u(z)Th  4iwh? iwth®  16w?h*
A e B B ER oo e

+ O(h%).

(3.44)

A lengthy but straightforward calculation which is best carried out using a symbolic manipulation
program, gives

A B 2p(@)Th diwh? B R iwTh?
¢1(w7x7T) =1+ U(.T) ’U(.’L') [8#( ) ( )] 7)(1')2
+r(z) - B*7 + iwh'p(z) — 13‘;;)}; +O(h®)

(3.45)
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where

(3.46)
We have that

q—1
> (10g Po(w; 75, sen(vj41 — ;) — log b1 (w; vz, sgn (41 — %)))
=0

-1

=S (“‘”"(;;) n r(vp)h%gn(m )+ (Pl + 21010 o) O(hb)

=0 v(;
= an? (= L) 2 (R00) — ROw) + (ol 21 O
v(70)  v(7g)
(3.47)
where R(x) is a primitive of r(x), i.e.
(3.48) R(z) = /L r(z')dz'.

We conclude that there is a constant ¢ > 0 such that

< ch?.

(S e it AW
(3.49) ‘ /c ( H Po(w; v, sgn(vj41 = v5)) — H o1 (w;vj, g0 (Yj41 — ’yj))) e"“tﬁ
- \jZo

=0

for all ¢ < gmax. Here we use the decay of ¢ in the upper half of the complex w plane to offset

the w dependencies in the integrand. Similar calculations lead to the following expansions:

- 4h? - 2h2 1.
(3.50)  o(w, ) = @) +O(wh*),  P(w,z) = (@) + O(wh?*) = 51/)0(@,95) + O(wh).
Since ¢ < ch™2 and w < [log h|, we find
(3.51) ‘ / <2Gm+1(x,y;w) — Gm(x,y;w)) ei“’t;iw‘ < AALLIE < ch?.
co T

By differentiating with respect to time in equation (3.52), we find that

dw

0 d )
— U (2, y; t) :/ inm(x,y;w)e’“t—w —|—/ WG (7, y; w)e™ —.

3.52
( ) 2 2T

All the derivations above carry through and we conclude that

d .
(3.53) ‘/ —winm(x,y;w)em < ch?.
Cy 21
and also
L d V 4max
(3.54) ‘ / iw <2Gm+1(x,y;w) — Gm(w,y;w)) em;’ < chh4 < ch®.
_ ™

Hence the first time derivatives of the kernel satisfy a similar Cauchy convergence condition as
the kernel itself.
O
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4. THE GENERAL CASE OF HOLDER CONTINUOUS COEFFICIENTS

In this section we assume coeflicients are either Holder continuous or obey the conditions in
Theorem 2.

Lemma 4. Let f(x) be a continuous function in [—L, L] satisfying periodic boundary conditions.
Then, for all h > 0, we have that

(41) Pl h) = (@) + bV (@) + oA £ ()
(12) Flo = o) = £(2) — bV () + o A (2.

This is the result of a simple calculation, which is however useful as it allows one to extend
the derivation in the previous section by making the following replacements:

(4.3) V' (z) = VI'(z), v"(z) = A"(z), " (z)—0
(4.4) W(z) = Viu(z), p'(z) - A7 ().
In fact,

(4.5) £(w:h) = 15 Lo(@) + 3 £1(x) + La(a) + his(a)

without any O(h3) corrections as long as one re-defines the matrices on the right hand side as
follows:

B —v(x) %v(z) 0
(4.6) Lo(z) = | 3v(z) —v(x) su(z) |,
0 su(z) —v(x)
) SUmu@) 3Tu() - duo) 0
(47) Li@) = | Lida) 0 L) ),
0 —5Viu(a) + zu(z)  Viv(z)
] —3A7v(z)  ATv(r) — 3V () 0
(4.8) Lo(z) = 0 0
0 LATU(E) - $VIu@)  —LAT(@)
and
0 —3A7wp() 0
(4.9) Ls(x)= (0 0 0

0 JAu(z) 0

All derivations in the previous section go through formally unchanged and one arrives at the
following expressions

) =g 2M@)Th diwh? o iwrh® 16w?ht 5
po(w,z,7) =1+ o(2) o(2) 8 )—M)2 @ + O(R®).
(4.10)
and
- B 2u(x)Th B diwh? B 2) — T M(x iwTh?
Or(w,2,7) = 14 Zre= = e = [Bu() = V(@) s
+r(z) - B37 + iwhp(x) — 1;1;;;; +O(h?)

(4.11)
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where

r(z) = [U(x)2Amm(m) —dm(x)® 4+ 2V (x)m(x)? — 20(x) V7 0(z) VI m(z)

— (2m(z)VIm(z) + v(z)ALv(z) — 2(V;nv(x))2)m(x)] .

p(z) = v(l [ —4m(z)? + 2m(2) V™ (z) — 4v(x)Vem(z) — v(z) ATv(z) + Z(V;”v(a:))Q] )
(4.12)

We have that

q—1
(log Bo(w; i, sen(vj11 — 7)) — log ¢1(w; v, sgn(vj+1 — %))) ‘

=0
q—1 m
iwVIo(y;) _
< Z( e +rm>)h3sgnm+1w> T (@l plloe 42022 ) O ().
j=0 7
m
<21k sup Mw(m) T (ol plloe + 210210~ a0) O(htq) < ch.
TEA,, ’U(I)
(4.13)

where in the last step we made use of the Holder continuity assumptions of Theorem 1. The
other bounds staying the same, we arrive at

it O v/ Gmax
(4.14) ‘ / <2Gm+1(aj, y;w) — G (z, y;w))e“‘)tw‘ < Y Amax oty < ch.
c_ 2 h
Under the weaker assumption of Theorem 2, the bound that applies is instead

L d V 4max
(4.15) ‘/c (2Gm+1(x,y;w) — Gm(x,y;w)>e“"t2:‘ <c qh R%p(h) < cp(h).

Similar bounds also extend to the case of the first time derivative, since multiplication by a
factor iw inside of the contour integral is immaterial as far as establishing a bound of this sort
is concerned. This completes the proof of Theorem 1 and Theorem 2.

5. ExpLICIT EULER SCHEME

In this section we prove Theorem 3. A Dyson expansion can also be obtained for the time-

discretized kernel and has the form
N
§
Ui (91, Y2 1) = Z D SID SNy
™ g=1 €l mY0=y1,7g=y2 k1=1 ka=k1+1 kq:kqfl‘*‘l
kl 1 q k_7+1 ki—1
(5.1) (140t ) @0 T] £nry-120) (14 02 00507))
j=1
where t,41 =t and kq41 = N. In this case, the propagator can be expressed through a Fourier
integral as follows:
3t

- dw
(5.2) wll(yr,y25t) = Gfﬁ(yl,yz;w)e“’t%

—T
St

where

(5.3) Gor(y1, y2;w) = 6t2um (y1,y2; jot)e 7",
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iH-m/6t Im(e) iH-+m/dt
D T T s c

c/h

.y xist  Relo)

FIGURE 3. Contour of integration for the integral in (5.4).

The propagator can also be represented as the limit

g AW
li Gét LY iwt P
g [, Ol )t

(5.4) udt (y1,yost) =

where Cp is the contour in Fig. 3. This is due to the fact that the integral along the segments BC
and DA are the negative of each other, while the integral over C'D tends to zero exponentially
fast as (w) — oo, where $(w) is the imaginary part of w. Using Cauchy’s theorem, the contour
in Fig. 3 can be deformed into the contour in Fig. 1. To estimate the discrepancy between the
time-discretized kernel and the continuous time one, one can thus compare the Green’s function
along such contour. Again, the only arc that requires detailed attention is the arc BC' D, as the
integral over rest of the contour of integration can be bounded from above as in the previous
section.
Let h = h,,, and let us introduce the two functions

(5.5) oo(t,x,7) =
(5.6) Pst(J, x, T)

Lo (2,2 + Th)eFm @21 (¢ > 0),

2
2Lz, + Th) (1 + 6t L (z, x))j_l

and the corresponding Fourier transforms

(5.7) bo(w,x,T) = /OOO qﬁo(t,x,r)e*im% _ (v}(;) Hﬂ(hx)) <vf(Lf) H-w)l

(58) é(St(wvxaT) = i:gb&(j)xv’r)e_iwjét = <U}(Lf) + Tﬂl(hx)> (eiwﬁt -1+ 5tl)}(L?) )
j=0
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‘We have that

(v(x) + r“(x)) (iw + o) _ w;& + O(5t2)) h

doe(w2,7) =\ Tz h h2

5t + O(h*6t?). = ¢o(w,z,7) + O(h?),

(5.9) éo(w, z,T)

W2

2v(x)

where the last step uses the fact that ¢ = O(h?).
Let us also introduce the functions

j .
(5.10) Yo(t,x,7) = eFm@D1(t > 0), Vot (J, 2, 7) = Z (1+ 6L ))j_l'
k=1

and the corresponding Fourier transforms

(5.11) o(w,z,7) = <U}(L2) + zw) - : Vst (w,z,7) = (a““ —1+ 5#’}(;3)) - .

Again we find that

(5.12) o(w,,7) = Pae(w,z,7) + O(h*).
If v is a symbolic sequence, then let us set
qg—1
(5.13) Wi (7, @) = o (w,7q) [ ] bo(ws ;. sen(vj41 — 7))
§=0
q—1
(5.14) Wf?f(’%(l;w) = Yst(w, 7q) H b5t (w; 75, sgn(vj+1 — 75))-
§=0
We have that
(5.15)
I~ . .
Ghi (e, i) = Gl y5w) =3 D 27" > (Wit gs0) = W7, 05)) -
q=1

YeETm i =27%=y
v —vi-1l=1vj > 1

The integration over the contour in Fig. 1 can again be split into an integration over the
countour C_ and an integration over C;. The integral over C4 can be bounded from above
thanks to Lemma 1. Furthermore, we have that

dw
St . _ . iwt
[ (Gt~ Gutai ) g2

S Ch_l\/Qmax max
¢YvElm :v=2,7%=y
Ivj —vi—1l=1Vj > 1

. . o d
/ (Wr‘ff(%q;w) - Wm(%q;w))e“"tw .
c_ 27T

(5.16) < ch?

To bound the time derivative, we have to consider
eiwét -1 dw
Gét LY —iwG LY iwt
[ (5o - i i) )12

But, since 6t = O(h?), also this difference is O(h?).

(5.17)
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6. CONCLUSIONS

We obtained bounds on convergence rates for explicit discretization schemes to the kernel of
one-dimensional diffusion equations with continuous coefficients. We consider both semidiscrete
triangulations with continuous time and explicit Euler schemes with time step small enough for
the method to be stable. The proof is constructive and based on a new technique of path condi-
tioning for Markov chains and a renormalization group argument. Convergence rates depend on
the degree of smoothness and Hélder differentiability of the coefficients. The method is of more
general applicability and will be extended in future work.
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