TRANSFORMATIONS OF MARKOV PROCESSES AND CLASSIFICATION SCHEME FOR
SOLVABLE DRIFTLESS DIFFUSIONS

CLAUDIO ALBANESE AND ALEXEY KUZNETSOV

ABSTRACT. We propose a new classification scheme for diffusion processes for which the backward Kol-
mogorov equation is solvable in analytically closed form by reduction to hypergeometric equations of the
Gaussian or confluent type. The construction makes use of transformations of diffusion processes to elim-
inate the drift which combine a measure change given by Doob’s h-transform and a diffeomorphism. Such
transformations have the important property of preserving analytic solvability of the process: the transition
probability density for the driftless process can be expressed through the transition probability density of
original process. We also make use of tools from the theory of ordinary differential equations such as Li-
ouville transformations, canonical forms and Bose invariants. Beside recognizing all analytically solvable
diffusion process known in the previous literature fall into this scheme and we also discover rich new families
of analytically solvable processes.

1. INTRODUCTION

An "analytically solvable” Markov process can be informally defined as follows:

Definition 1.1. A processX; is solvableif its transition probability distribution can be expressed as an
integral over a quadratic expression in hypergeometric functions.

This definition is very general as it includes all the well known examples in the literature such as
Brownian hypergeometric Brownian motion and the Ornstein-Uhlenbeck, Bessel, square-root and Jacobi
processes. It also includes a broad family of other processes which are discovered by means of the
classification exercise in this paper. A similar classification problem but addressing the question of
classifying all diffusion processes for which one can express the Laplace transform of the integral in
analytically closed form, was addressed by C. Albanese and S. Lad]iin [

In section2 we briefly review the necessary definitions, facts and theorems about the diffusion pro-
cesses. The most important objects which play a role in our constructions are Markov generators and
transition probability densities, the speed measure and the scale and Green’s functions. We also recall
Feller’s classification of boundary conditions for a diffusion process.

In section3 we introduce the concept of stochastic transformations as a composition of a Doob’s
h-transform and a diffeomorphism, and show how to construct a complete family of stochastic transfor-
mations for a given diffusion process. We then show how these results can be generalized to arbitrary
Markov process.

In sectiond we prove some useful properties of stochastic transformations and discuss the equivalence
relation these transformations induce on the set of all driftless diffusions. Examples include Brownian
and hypergeometric Brownian motions.

In the last sectiorb we generalize the concept of stochastic transformations into that of a general
transformation of the Markov generator regarded as a second order differential operator. We introduce
and define "Bose invariants” which are invariant under stochastic transformations and "Liouville trans-
formations” which act on second order differential operators while preserving the Bose invariants and
thus to obtain new families of solvable processes. We conclude by stating and proving two classification
theorems.

Appendix A gives necessary facts and formulas about hypergeometric functions while appendix B
provides several useful facts about Ornstein-Uhlenbeck, square-root and Jacobi diffusions.
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2 CLAUDIO ALBANESE AND ALEXEY KUZNETSOV

2. BACKGROUND FROM THE THEORY OF DIFFUSION PROCESSES

This section is a brief introduction to the classical theory of one-dimensional diffusions: construction
and probabilistic descriptions of analytical tools as the speed measure, the scale and Green function and
the description of the boundary behavior of the diffusion procgssReferences on this subject include
[10], [9], [12] and [7].

Let D be the (possibly infinite) intervdlD!, D?] C R, with co < D' < D? < oo. Let X; be a
stationary Markov procedsiking values inD with transition probability functioP (¢, z, A) = P, (X; €
A).

Definition 2.1. The probability semigroups defined as the one-parameter family of operators

2.1) P(OF() = [ F)Pta,dy) = Eof(X)
and theresolvent operatois defined as the Laplace transform/eft)
(2.2) ROVf @) = [ e Pl (o)

0

on the domairL>° (D) of bounded measurable functiofis D — R.

We call a process(; conservativef P(t,x, D) = 1 for all ¢t and allz € D. If the process is not
conservative, then we can enlarge the state space by addergetery point\ . :

P(t,z,A) =1— P(t,z, D).

With this addition, the procesk,; on the spacé U A, is conservative. Iff is a function onD, we will
extend it toD U A, by letting f(A) = 0.

Definition 2.2. Theinfinitesimal generatoL of the processX; is defined as follows:

d . PWf-f
23) LF = PO = i ==
for all continuous, bounded : D — R, such that the limit exists in the norm. The set of all these

functionsf is thedomain of£ and is denote®(L).

Below we assume tha¥; is a regular diffusion process, specified by its Markov generator
1
(24) Lf = 50° @) (@) + b(a) [ (2) — ()] (@)
where the functions(z),c(z) ando (z) are smooth and(x) > 0, o(x) > 0 in the interior ofD.
Every diffusion process has three basic characteristicspged measure:(dz), its scale function
s(z) and itskilling measurek(dx). For the diffusion specified by the generatdr4j these characteristics
are defined as follows:

Definition 2.3. Speed measure and killing measure are absolutely continuous with respect to the Lebesgue
measure (in the interior of domain)
m(dz) = m(x)dx, k(dx)=k(z)dx,
and the functionsn(z), k(x) ands(x) are defined as follows:
(2.5) m(z) =20 2(2)eP®, §(z)=e B@  k(z) = c(z)m(z) = 2c(z)o % (x)eP®
whereB(z) == [*2072(y)b(y)dy.

Remark2.4. We denote byn(x) a density%. The same applies to the killing measui@x).

The functionsn, s andk have the following probabilistic interpretations:
o Assumek = 0. Let H, := inf{t : X;, = 2z} and(a,b) C D. Then
s(b) — s(x)
P,(H, < Hy) = ————.
e <10 = S0 =s(a)
We say thatX; is in natural scaleif s(x) = z. In this case (if the process is conservativg)is
a local martingale.
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e The speed measure is characterized by the property according to which fortexeryand
x € D, the transition functior (¢, =, dy) is absolutely continuous with respectrig(dy):

P(t.a.4) = [ plt.a,)m{dy

A
and the density(t, =, y) is positive, jointly continuous in all variables and symmetgi@;, x, y) =
p(t,y,x). Notice that the transition probability densityt, x,y) is the kernel of the operator
P(t) with respect to the measure(dy).

e The killing measure is associated to the distribution of the location of the process at its lifetime
¢:=inf{t: X; ¢ D}:
t

Po(Xe € Al < )= [ ds [ pls,a)kdn)
0 A
From this point onwards we assume that there is no killing in the interior of domMadm namely that
c(z) = 0.
Remark2.5. Notice that the scale function can be characterized as a solution to equation
Ls(x) =0,

ands’(z) is proportional to the Wronskial’,, .., (z), wherep, ¢ are any two linearly independent
solutions to

Lo = .

Let 7 be the stopping time with respect to the filtratiof; }. The process(; ,; is calledthe process
stopped atr and is denoted by .
The following lemma is required in the next sections:

Lemma 2.6. LetT = inf{t > 0: X; ¢ int(D)} be the first time the process; hits the boundary of
D. Then for eacr € D, Y, = s(X[') is a continuous,-local martingale.

We refer to [L2], vol. 1l, p.276 for the proof of this lemma .
The speed measure and the scale function are defined in terms of the coefficients of the génerator
Also the inverse of the above claim holds true: if the generétof the process\; can be expressed as

__d df(z)
(2.6) £r= m(dz) ds(z)
then the speed measure and the scale function define the generator of the fiqeesbkthus determine

the behavior ofX; up to the first time it hits the boundary of the interval). The boundary behavior of the
processX; is described by the following classical result (s8g[[L0]):

= DmDsfa

Lemma 2.7. Feller classification of boundary points.Letd € (D!, D?). Define functions

R(z) = m((d,z))s'(x) andQ(x) = s(z)m(x). Fix smalle > 0 (such thatD! + ¢ € D). Then the
endpointD! is said to be:

regular if Q€ LY(D', D' +¢), Re LY (D, )
exit if Q¢ LY(D', D' +¢), Re LY (D, )
entranceif Q€ LY(D', D' +¢), R¢ LY(D', D! +¢)
natural if Q¢ LY (D', D' +¢), R¢ LY(DY, )

The same holds true fdp2.

2.7)

Next we elaborate on the probabilistic meaning of different types of boundaries.

Regular or exit boundaries are calladcessible while entrance and natural boundaries are called
inaccessible

An exitboundary can be reached from any interior poinbofvith positive probability. However it is
not possible to start the process from an exit boundary.
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The process cannot reachamtranceboundary from any interior point d, but it is possible to start
the process at an entrance boundary.

A natural boundary cannot be reached in finite time and it is impossible to start a process from the
natural boundary. The natural bounddpy is calledattractiveif X, — D! ast — oc.

A regular boundary is also calledon-singular A diffusion reaches a non-singular boundary with
positive probability. In this case the characteristics of the process do not determine the process uniquely
and one has to specify boundary conditions at each non-singular boundary poirnt{ [if }) < oo,

k({D'}) < oo, then the boundary conditions are

{gwl)m(wl}) — B 4 f(DYE({D'}) =0,
g(DY)m({D?}) + LT + F(D2)k({D?}) = 0.

whereg := Lf for f € D(L).
The following terminology is used: the left endpoibt is called
e reflecting if m({D'}) = k({D'}) =0,
o sticky if m({D'}) > 0, k({D'}) =0,
e elastic if m({D'}) =0, k({D'}) > 0.

A diffusion processX spends no time and does not die at a reflecting boundary p&irdoes not
die, but spends a positive amount of time at a sticky point (which in thee@$®'}) = oo is called
an absorbing boundary the process stays @' forever after hitting it). X does not spend any time
at elastic boundary - it is either reflected or dies with positive probability after hiffihdgin the limit
k({D'}) = oo we call D! akilling boundary since thatX is killed immediately if it hitsD*).

Let the intervalD be an infinite interval, for example of the forfp!, oc). We say that the process
X, explodesf the boundaryD? = ~c is an accessible boundary. Using the previous lemma one can see
that the process explodes if and only if for soate 0

(2.9) R(z) = m((D" + ¢,2))s'(x) € L*(D' + ¢, 00).
In section3 below, we construct two linearly independent solutions to the ODE
(2.10) Lo(z) =Ap(x), A>0, z€D.

The probabilistic description of these solutions is given by the following lemma (s&evpol. I, p.
292):

Lemma 2.8. For A > 0 there exist an increasing (z) and a decreasing; (x) solutions to equation
(2.10. These solutions are convex, finite in the interior of the doniaend are related to the Laplace
transform of the first hitting timéf, as follows:

(2.8)

e ()
_\H 50+(Z)7 x S Za

(2.12) E, (e Z) = @5(1;)
A >z

ey (2)’

The functionsy (z) andy; (z) are also called thiundamental solutionsf equation 2.10. These
functions are linearly independent and their Wronskian can be computed as follows:

de¥ (z) 4o doy (@) !
(2.12) W(p;r’ga; (x) = e P () — o) (x) qn = WAS (z),
thus the Wronskian with respect 9, = d/ds(x) is constant:
dpy (z) _ dy; (z)
2.1 (z) = 22 — o7t A — ws.
( 3) W‘P;’#PA (x) ds(x) L)0)\ (x) %0)\ (:L‘) dS(Z) wx

The following theorem due to W. Feller characterizes boundaries in terms of solutions to the equation
(2.10 and will be used in sectio®

Theorem 2.9. (i) The boundary poinD? is regular if and only if there exist two positive, decreas-
ing solutionsp; and s of (2.10) satisfying
dipy (x) dips(x)

(2.14) lirjrjl2 p1(z) =0, =—1, lim ¢y(z)=1, lim =0
xr—

«—D2 ds(r) z—D? e—D? ds(x)
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(i) The boundary poinD? is exit if and only if every solution o2(10) is bounded and every positive
decreasing solutiogp; satisfies

. _ o dpi(z)

(i) The boundary poinD? is entrance if and only if there exists a positive decreasing solution
of (2.10 satisfying

: _ _dei(w)

and every solution of2( 10 independent ofy; is unbounded aD?. In this case no nonzero
solution tends t® asx — D?.

(iv) The boundary poinD? is natural if and only if there exists a positive decreasing solutigrof
(2.10 satisfying

- B . dpi(x)
2.17) S, er(@) =0, T

=0,

and every solution of( 10) independent of; is unbounded ab?.
In cases (i) and (ii), all solutions of2(10 are bounded neaP, and there is a positive increasing
solutionz such that lim2 z(x) = 1. In cases (iii) and (iv) every positive, increasing solutiogatisfies

z—D
lim z(x) = occ.
r—D?2

Another important characteristic of a Markov process isGneen function

Definition 2.10. The Green functionG(\, z, y) is defined as the Laplace transformpdt, =, y) in time
variable:

oo

(2.18) G\ z,y) = /e*)‘tp(tm,y)dt.
0

The Green function is symmetric and it is the kernel of the resolvent opekdfor= (£ — \)~! with
respect tan(dx).

The Green function can be conveniently expressed in terms of functipas) andy; (z) as:

Jwitel(@)es(y), <y
(2.19) Gy = {w}lwi(yw;(w% ysz.

A diffusion X, is said to berecurrentif P,(H, < oo) = 1forall z,y € D. A diffusion which is
not recurrent is callettansient A recurrent diffusion is calledull recurrentif E,(H,) = oo for all
x,y € D andpositively recurrenif E,(H,) < oo forall z,y € D. The following is a list of useful facts
concerning recurrence, Green function and speed measure:

e X, isrecurrent if and only ”}i{% G\, z,y) = .
e X, is transient if and only ii;i{% G\ z,y) < 0.
e X, is positively recurrentif and only ifo(D) < oo. Inthe recurrent case we havxb\nb MG\, z,y) =

ﬁ and the speed measurddz) is astationary (invariant) measuref X;:

mP(t)(A) := /Am(dx)P(t,x,A) =m(A).
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3. STOCHASTIC TRANSFORMATIONS

Let's ask a question: how can we transform a Markov diffusion proégssm such a way that the
transition probability density of the transformed process can be expressed through the probability density
of X;? First of all let’s take a look at what transformations are available.

Given a stochastic procegX, P) one has the following obvious choice:

e change of variablegchange of state space for the process):
Xt = (XfaP) = }/f = (Y(Xf)7P)a

whereY (z) is a diffeomorphisnt” : D, — D,,.

e change of measure
(X1, P) = (X1, Q).

where measur€) is absolutely continuous with respectRo dQ; = Z;dP;.

e time change
Xy = (Xt,]'—t,P) = Xt = (XTt7th7P)7

wherer; is an increasing stochastic procegs— 0.

e and at last we can combine the above transformations in any order.

In this section we will discuss only the first two types of transformations. The stochastic time change
can be efficiently used to add jumps or "stochastic volatility” to the processes and is important for appli-
cations to Mathematical Finance (s&[[2]).

The next obvious question is: do these transformations preserve the solvability of the process? The
answer is always “yes” for the change of variables transformation (we assume that the fif(atios
invertible): the probability density of the procegs= Y (X,) is given by:

py (ty0,y1) = px (6, X (y0), X (¥1)), vi € Dy,
whereX = X (y) = Y ~!(y) and the speed measurelifis
my (dy) = my (y)dy = mx (X (y)) X' (y)dy.

What can we say about the measure change transformation? We want the new meésure
absolutely continuous with respecti®o thus there exists a nonnegative procBgssuch that

The processZ; must be a (local) martingale. Under what conditionsfndoes this transformation
preserves solvability?
Informally speaking, the probability density of the proch@ = (Xt, Q) is given by
pxa(t,zo, 71 )mya(r1) = EAS(XY, — 21)| X, = a0),

where we used the fact that the transformed process is stationary. Using a formula of change of measure
under conditional expectation we obtain

1
pxa(t, o, x1)mxa(r) = 7EP(Zs+t6(X?+t —x1)|Xs = x0).
Since we want the transformed process to be Markov, we see that this can be the case if and only if
depends only on the value &f;, thus the proces8; can be represented as
Zy = h(X4, 1),

for some positive functioh(z, t).
The next step is to note that the dynamics\@funder the new measure is:
hae (X, 1)

dXt = <b(Xt) + U2(Xt)h()(tt)) dt =+ O'(Xt)thQ
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Now we see that if we want the transformed process to be statiomgf, must be independent of
which gives us the following expression for the functiofx, ¢):
h(z,t) = h(z)g(t).
Since we don’t want to introduce killing in the interior of the domalnthe process; = h(X;)g(¢)
must be a martingale (at least a local one), thus we have the following equation

i%ﬁh@y+¢wcxh@):u

After separating the variables we find that there exists a constarth thay(t) = e~*¢, and the function
h(z) is a solution to the following eigenfunction equation:

(3.1) Lxh(x) = ph(z).
This discussion leads us to our main definition:

Definition 3.1. Thestochastic transformatiois a triple

(32) {p,h, Y}
wherep andh(x) define the absolutely continuous measure change through the formula
(3.3) dP} = exp(—pt)h(X;)dPy,

andY (z) is a diffeomorphisnt” : D, — D, C R, such that the proces%;, P") = (Y (X;),P")is a
driftless process.

Remark3.2. We deliberately do not requirg, to be a (local) martingale, since as we will see |&teis
not conservative in general. Though using lem&)(we see that; is a driftless process if and only if
Y, stopped at the boundary 6f, is a (local) martingale.

3.1. Main Theorem. The following theorem gives an explicit way to find all stochastic transformations
defined in 8.1):

Theorem 3.3. Let X; be a stationary Markov diffusion process under the measumn the domain
D, C R and admitting a Markov generatat x of the form
df (x) 1,

2f(x
(3.4) Lxf(z)= b(m)W +350 (x)ddj;(2 )

Assume > 0.
Then{p, h, Y} is a stochastic transformation if and only if

h@) = c1pf (@) + cxo (@),
Y (@) = iy (esof (2) + eapy (),

wherec; € R are parameterse,ca > 0, c1eq — cocg3 # 0, and ap;(x) and go;(ac) are increasing and
decreasing solutions, respectively, to the differential equation

Lxp(x) = pp().
Before we give a proof of this theorem we need to present some theory.

(3.5)

3.2. Doob’s h-transform.

Definition 3.4. A positive functionk(z) is called p-excessivdor the processX if the following two
statements hold true:

() e P E(h(X,)|Xo = ) < h(z)

(i) lim E(h(X,)|Xo = 2) = h(x).

An p-excessive function is calledp-invariantif for all z € D, andt > 0
e P'E(h(X})|Xo = x) = h(x).

Remark3.5. Functionh(z) is p-excessive g-invariant) if and only if the processcp(—pt)h(X;) is a
positive supermartingale (martingale). Thus, if a functidm) is zero at somey, thenh = 0in D,..
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One can check that for every; € D, functionse (), ¢, (z) andz — Gx(p,z,x1) are p-
excessive. As the following lemma shows, these functionsramémalin the sense that any other exces-
sive function (except the trivial example= C) can be expressed as a linear combination of them (see

[7D):

Lemma 3.6. Let h(z) be a positive function o, such thath(zg) = 1. Thenh is p-excessive if and
only if there exists a probability measureon D,, = [D*', D?], such that for all: € D,

Gx(ﬂ,l’,ﬂh)
h(x =/ — 27 y(dey) =
(@) [D1,D2] Gx(p, w0, 1) (de1)

x,T1 p @ 1 §(x 2
= ) an) + 22 (0 + £ (D),

1 p2y Gx(ps o, 1) ®p (0) ©p (20)
Measurev is called the representing measurefof
Definition 3.7. The coordinate process, under the measuie” defined by
_pt h(X3)
3.6 P"(A|Xyg=2) = E (e P ——2T4]| Xy =
( ) ( | 0 I) <6 h(!E) A| 0 x|,
is calledDoob’s h-transformor p-excessive transforof X. We will denote this process X, P*) (or
in shortx™).
The following lemma gives the expression of the main characteristics aéf-trensform ofX:

Lemma 3.8. The process{” is a regular diffusion process with:
e Generator

1
with drift and diffusion terms given by
hy
38) b (@) = bx(e) + % (D) 2, (e) = ax (o).

e The speed measure and the scale function of the procésare
(3.9) mxn(z) = B (@x)mx (x), syn(z)=h"2(z)s'(2).
e The transition probability density (with respect to the speed measyre(dz1))

e Pt

(3.10) pxn(t, xo, x1) = )px(t%o,ﬂ?l)-

h(x())h(.’tl
e The Green function

(3.11) Gxn(A zo,71) = Gx(p+ A\ wo,21).

h(zo)h(x1)
e The killing measure

(3.12) fexn (dz) = m.

Proof. We will briefly sketch the proof. Using the formul&.¢) we find the semigroup for the process
X"

Pn()f(@) = P s Pe() (b o).

and from this formula we find the expression for the Markov generator and formulas for the drift and

diffusion. Now,
[T 2bxn(y) [T 2bx(y) oel(hiz
B = [ = | g 2eatia.
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from which formula we compute the expressions for the speed measure, scale function, probability den-
sity and Green function.

Finally, let's prove the formula for the killing measure: the infinitesimal killing rate. can be
computed ag x» 1, thus we find:

GX([), (E,fL‘l)

1 1
,CXIL].:EEXh—pzﬁﬁx/ )l/(dxl)—p.

01,02 Gx(p, Xo, 71

Now assuming that(dx) = v(x)dz and using the fact that the Green function satisfies the following
equation

LxGx(p,x,21) = pGx(p,z,21) + 6(x1 — ),
we find

1 pGx(p,x, 1) + 6(x1 — )
cvn() = Lwvnl = = v(xy)dzy — p = )
Xh( ) Xn h /[Dl,D2] GX(pa XOvl'l) ( 1) ' P h(%)GX(p,XO,x)

thus the killing measure can be computed as

B mx (z)v(dz)
a GXh((LXO,.T)’
which ends the proof. O

kxn(dz) = cxn(x)mxn(x)dx

Remark3.9. Note that we have a nonzero killing measure on the boundafy,aéind no killing in the
interior of D,, if and only if the representing measurg&iz) is supported on the boundary b, that is

h(z) = v({D'}), (x) + v({D* Ny () = 100, () + e2i0 ().

Remark3.1Q To understand the probabilistic meaning of the Doob’s h-transform it is useful to consider
the procedure of constructing new process by conditiotipgpn some event (the evert can be that
the process stays in some interval or that it has some particular maximum or minimum value). The
mathematical description follows:

Let the probability density, (z, y|A(to, t1)) be the conditional density defined as follows:

pe(x, y|A(to, t1))dy = P(Xiq5: € dy|X: = x, A(to, t1)).

Assume that the evenl(ty, 1) is F;,-measurable and it satisfies the semigroup prop@&tyt(to, t1)|B) =
P(A(to,t') N A(t',t1)|B) for any eventB andt’ € (to, t1).
Let the probabilityr(x, t; A(to, t1) be defined as

7'&'(37, t; A(to, tl)) = P(A(to, t1)|X(t) = x)
Then functionr satisfies the following backward Kolmogorov equation:

on _ Om(z, b A(T)) 1, 0Pm(x,t; A(t,T)) on(z,t; At,T))
B TEXT= ot +37° @) 022 +b(z) o
The boundary conditions depend on evdift, T').
The conditioned drifb(z; A(¢, T') and conditioned volatilityr(x; A(¢, T) are given by
e (z, 5 AL, T))
m(x, t; A, T))’

=0.

(3.13) b(x; A(t,T)) = b(x) + o2 (x)
o(z; A(t,T)) = o(x).

Lets consider some examples of the h-transform:
(i) Brownian bridge through h-transform Let X; = W; be the brownian motion. Fix somsg and
consider the everd(¢t; T') = { X1 = z1}. Then the functionr(x, t; A(¢,T")) is the probability
density of Brownian motion:

1 — )2
m(z, t; At T)) = pr—i(z,21) = 27r(}Tt)exp <_(2(1T—t))> ’
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One can show thaX'" is just the Brownian bridge - brownian motion conditioned on the event
X7 = z1 (note that this process is not time-homogeneous since in this case we are not using the
p-excessive transform).

The conditional drift of the proces§”, computed by the formule8(13) is equal to

Te To— T

blas A, T)) = == = =T

which is another way to prove that” is a Brownian bridge.
(i) Brownian Motion, X; = W;. Increasing and decreasing solutions to equation
1d?f(x) B

EXf:§ a2 =pf(z)

are given by

_ ex/2/)x _ e—«/2pgc
)

ey (@) @, (z)

Note that in this case the proces’ h(X;) is amartingale. Lek(x) = ¢ (x), then the process
X} = W} +./2pt is Brownian motion with drift. Note that sinee **h(X;) is a martingale, the
transformed process is still conservative, but it has a completely different behavior: for example
the X! — +oco ast — oo and D? = oo becomes an attractive boundary. This is a typical
situation for thep-excessive transforms: as we will see later, the following result is true: the
transformed procesk” is either nonconservative with killing at the boundary, or in the case it
is conservativeX converges to one of the two boundary pointg as cc.

We will return to the example of Brownian motion later in sectidril).

(i) Let X; be a transient process with zero killing measure. Thgn— D! or X; — D? with
probability 1 ast — (. Let Xt be thep] (z) transform ofX. Note thatyd (z) is a constant
multiple of P, (X; — D? ast — (), thusX T is identical in law toX, given thatX; — D? as
t — ¢, or otherwiseX + has the property:

Pgﬂ(}in}Xt* =D?* =1.
3.3. Proof of the main theorem. Now we are ready to give the proof of the main theor@m3)(

Proof. Lets prove first that the process
Zy = e ""h(Xy) = e P erp) (2) + cagp, (1))
is a positive supermartingale. By applying Ito formula we find:
dZy = (—pZy + e PH(Lxh)(Xy)) dt + e PR (Xy)o (X )dW, = e "B (Xy)o (Xy)dWy,

sinceLxh = ph. ThusZ, is a local martingale. Since it is also positive it is actually a supermartingale
(by Fatou lemma). Thus

(3.14) E(e"*h(X)|Xo = z) < h(z),

andexp(—pt)h(X;) correctly defines an absolutely continuous measure change.

Lemmas 8.6) and @3.8) show that the converse statement is also true: if functign can be used
to define an absolutely continuous measure change,dtiéfX;) is a supermartingale, thugz) is a
p-excessive function. Since we want the transformed pra&ésw have no killing in the interior oD,
representing measutrddz) must be supported at the boundaries (see rentag))( thus we have the
representation(z) = c1¢ () + cap, (2).

To prove the second statement of the theorem, we note first'th¥t) has a zero drift if and only if
it is in the natural scale: thus we need to check that functi¢n) given by formula 8.5) is equal to the
scale functiors x» (z) (up to an affine transformation), which we can check by direct computation

d (o)) _ ¢'@h(@)—h(@)e(x)  Wen(x)
Y/ _ — — P, — /
©) =% <h(m)> 12 (x) W) X
whereyp is an arbitrary solution of x o = py linearly independent of, (thus it can be represented as
= 034,0; + cap, With cicy — c2c3 # 0). This ends the proof of the main theorem. O
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Remark3.11 The statement that(X,) is a driftless process is an analog of the following lemma:

Lemma 3.12. LetQ =< P, andZ; = Z‘l?,:. An adapted cadlag procesd, is aP-local martingale if and

only if M;/Z, is aQ-local martingale.

Note that this lemma does not assume that the process is a diffusion process and one could use it to
define stochastic transformations for arbitrary Markov processes. One could argue as follwéX ;)
and e—pt(c;),gaj(Xt) + C4<pp_(Xt)) are local martingales und@, thus if we define a measure change
densityZ; = e~ **h(X;) the process

e P eapt (Xy) +cap, (X)) espd (Xi) + cap, (Xt)

7, o h(Xy)

is aQ local martingale. However, as we will see later, in some ca&eis not a martingale, thus the
measure change is not equivalent in general and we can’t use this argument.

Y(Xy) =

3.4. Generalization of stochastic transformations to arbitrary multidimensional Markov processes.
The method of constructing stochastic transformations described in thébBezan be generalized to
jump processes and multidimensional Markov processesX ldie a stationary process on the domain
D, c R¢ with Markov generatol x. The first step is to find two linearly independent solutions to the
equation

Lxp = pep.
Assume that for some choice af, co the functionh(z) = c¢11(x) + copa () is positive. Then one has
to prove that the process

Zt = €_pth(Xt)

is a local martingale (or a supermartingale), thus it can be used to define a new ni¥alsytae formula
(3.6). Then we define the functio¥i(x) : R? — R as

cap1() + capa ()
h(z) '

Now one can check that the generatotdf is given by

Y(z) =

1
EXh = Eﬁxh — P,
and to prove that the (one-dimensional) procg$X,) is driftless one could argue as follows:

1 1 1
LY (z) = (h,cxh - p) % = Lx (h%) - p% =+ Lxp— p% -0,

sincep(x) = csp1(x) + capa(x) is also a solution t€ x p = pep.
Note that this “proof” does not use any information about the prodgsand thus it is very general.
For example in2],[5],[6] authors use this method to construct solvable driftless processes on the lattice.
4. PROPERTIES OF STOCHASTIC TRANSFORMATIONS AND EXAMPLES
The following lemma summarizes the main characteristics of the pragess

Lemma 4.1. The proces¥; = (Y (X;), P") is a regular diffusion process with
e Generator

1, d?
(4.1) Ly = §Uy(y)d7y2
where volatility function is given by:
, cw
4.2) oy (Y(2)) = ox(2)Y"(z) = ox (x) h2(g).

(W (x) = s’y (z) is the Wronskian op !, ¢.)).
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e The speed measure and the scale function of the praGes®

1
4.3 my (y) = , sy(y) =uy.
e The transition probability density (with respect to the speed measwgly;)) is
e Pt
4.4 t7 s = ,ﬁ,l‘,LU = TN t, 0, 71),
(4.4) py (t,90,y1) = px» (t, zo, 1) h(xo)h(xl)px( 0,71)
wherey; = Y (z;).
e The Green function
1
4.5 A = A = A .
( ) GY( 7y07y1) GXh( ,1’0,1’1) h(l‘o)h(xl)GX(p+ axO;xl)

Lemma 4.2. Let X, be a diffusion process oR, = [D*, D?] with both boundaries being inaccessible.
If c2 = 0 (c1 = 0) the domainD,, of the proces¥’, is an interval of the fornfy,, o) or (—oo, yo], where
Yo = c3/c1 (Yo = ca/c2). Inthe case; # 0 andee # 0, the domainD,, is a bounded interval of the

form [yo, y1] = [ca/c2, c1/e3] OF [yo, y1] = [e1/c3,ca/ca).

Proof. Remember that

3oy (x) + cap, (x)

c19p (z) + capp (2)

The statements of the lemma follows easily from the factmats a positive increasing function, finite

at D' and infinite atD> and ¢, is positive decreasing function, infinite &' and finite atD* (see
2.9). O

Lemma 4.3. The processe¥ " andY are transient.

Y(z) =

Proof. This follows from the fact that

1
lim G xn (A, xo, = ———Gx(p, o, < 00,
)\1{‘1}) X’( Zo .'171) h(l’o)h(Il) X(p Zo .'L'l) o8}
thus X/ is a transient process (see sectiyn O

The previous lemma tells us that with probability ¥ (andY;) visits every point in its domain only
a finite number of times. Thus it convergegas oo. Since with probability one it can not converge to a
pointin the interior ofD,, it must converge to the point on the boundary (or to the cemetery pajnif
the process is not conservative). Actually an even stronger result can be obtained by means of martingale
theory:

Lemma 4.4. If the process; is conservative, then
(4.6) Ph(tlim Y, =Y) = 1.

andY is integrable. The random variablg,, is supported at the boundary of the interva),: in the
caseD, = [y;,00) we haveY,, = y; a.s., while in the general cas®, = [y,y:2] we have thal
converges td’,, also in L; and the distribution ot is

(4.7) P(Yao = 92lYo = 90) = 2P P(Yae = |Yo = o) = 22,

Y2 — U1 Y2 — U1
Proof. If Y; is conservative, thel; is a local martingale bounded from below (or above), thus it is a
supermartingale bounded from below (or a submartingale bounded from above), thus it converges as
t — oo. If D, = [y1,y2] and the process; is bounded, then it is a uniformly integrable martingale and

it converges td’, also inL;, moreover
Vi = E(Yoo|F2),
thusyg = EY; = EFY,,, from which we can find the distribution af,,. O

Lemma 4.5. The stochastic transformatiofiX, P) — (Y, P") given by{p, h(z),Y (z)} is invertible.
The inverse transformatiof, P"*) +— (X, P) is given by{ —p, 1/h(z), X (y)}.
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Proof. If the processX; is conservative with inaccessible boundaries, the prokEgessll be a transient
driftless process (possibly with accessible boundaries). Let’s check that the process

Zy = e
©T R
is aP" martingale:
s h(X]) 1
EF (2)=EF (ert=tlz,) = —FEP1=27
e (Z1) z (6 h(z) t h(z) 05
since the initial proces&; is conservative and’> 1 = 1. Thus the transformatiofi—p, 1/h(x), X (y)}
maps the process = (Y (X;), P") back into the proces¥; = (X;,P). O

Definition 4.6. We will say that(X, P) and(Y, Q) are related by a stochastic transformatiand will
denote it by writing

X~Y
if there exists a stochastic transformatign », Y’} which maps X, P) — (Y, P").
Lemma 4.7. The relationX ~ Y is an equivalence relation.

Proof. We need to check that for aN, Y andZ
i) X ~X
(i) if X ~Y,thenY ~ X
(i) if X ~Y andY ~ Z,thenX ~ Z.
The first property is obvious; the second was proved in the previous lemma. To check the third, let
{p1,h1(z), Y (z)} ({p2,h2(y), Z(y)}) be the stochastic transformation relatiigandY (Y and Z).
Then{p; + p2, h1(x)ha(Y(2)), Z(Y (x))} is a stochastic transformation mappikg— Z. O

Thus "~" relation divides all the Markov stationary driftless diffusions into equivalence classes, which
will be denoted by
(4.8) MX) =MX,P) ={(Y,Q): (¥,Q) ~ (X,P)}.

Later in lemmab.7 we give a convenient criteria to determine whether two proceXsasdY are in
the same equivalence class (can be mapped into one another by a stochastic transformation).

Now we illustrate with some real examples the usefulness of the concept of stochastic transformation.
We will review some well known examples (geometric Brownian motion, quadratic volatility family,
CEV processes) and show how these processes can be obtained by a stochastic transformation, and in
the case of Ornstein-Uhlenbeck, CIR and Jacobi processes we will construct new families of solvable
driftless processes and study their boundary behavior.

4.1. Brownian Motion. Let X; = W, be the Brownian motion process. Then the Markov generator is
_1&

C2dax?’

Fix p > 0. Functions,oj andyp, are given by:

(4.9) ol (x) =V, pr(z) =e V"

The next step is to fix any two positive, c; and seth = cl@j + c2p, . Note thate=**h(X;) is a
martingale (a sum of two geometric brownian motions).

We consider separately two cases - (a) one, ot; is zero (O, is unbounded) and (b) both, ¢, are
positive.

Let's assume first that, = 0 andcy, = 1, thus

h(z) = ¢, (z) = e Ve,

LX

Thus the functiort (z) is

c3py (%) + capp, (2)
h(x)

= c3e?VPT 4 ¢y,

Y(z) =
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and its inverse: = X (y) is

1 ly — C4|>
X(y) = 1 .
W) =5 o8 ( cs]
Using formula4.2 we find the volatility function of the process:
1
(4.10) oy (y) = ox(X(y))ix,(y) =C(y —n),

andY; — y; is the well known geometric brownian motion.
Note that this process is a martingale, it is transientth'nd Y, =y a.s.
— 00

Now let's consider the general cagg:> 0, ¢ > 0. Assume that,/ce > ¢3/c¢q. Then
C3<P;J)r(x) + cap, () _ c3e2V2T 4 ¢y

Y(z) = = :
) = ot @) ooy (1) eV 1 o
and
_ lea| ol _
X(0) = 57 (108 (12) + 108 (ea/ez = o) ~ ey - ca/ea) ).
Thus the derivativeX’ (y) is
, 1
X'(y) =

Clea/ea —y)(y —es/cr)’
and again using formulal(2) we find the volatility function of the proceds

(4.11) oy(y) = Cles/ez —y)(y —cs/c1) = Clyz —y)(y —v1), y2 > 1

and we obtain the quadratic volatility family. In this case the prog¢es$sa uniformly integrable martin-
gale. Ast — oo the procesd; converges to the random varialifg, with distribution supported on the
boundarieg;, y» and given by equatiori(7).

Remark4.8. We have proved so far that starting from Brownian motion we can obtain the martingale
processes with volatility function

oy (y) = azy® + ary + ao,
where the polynomiat,y? + a1y + ao is either linear or has two real zeros. However theofeftells

us that the process is related td¥; for all choices of coefficients;. Let's consider the example of the
volatility function

(4.12) oy (y) =1+

to understand what happens in this case.

The procesd; with volatility (4.12) is supported on the whole real lifRR and one can prove using
Khasminskii's explosion test that this process explodes in finite time. We can obtain this process starting
from Brownian motion by an analog of the stochastic transformation with 0. For example, let
p = —5. Then solutions to equation

1 d?p(x)
Lxpla) = 5— 5 = po(@)

are given by functionsin(x) andcos(x). Let's choose
sin(x)
h(z)
ThenY’(z) = Cosz(z) = 1+ tan?(z) = 1 + %2, and we obtain the volatility function given id.(L2).
FunctionY (x) = tan(z) is infinite whenz = 7/2 + kr, k € Z, thus the procesg; = (Y (W), P")
explodes in finite time.

h(zx) = cos(z), Y(z)= = tan(x).

Thus we have proved the following
Lemma 4.9. Starting with Brownian motiof’; we can obtain the class of quadratic volatility models:
(4.13) IM(W,) = {Y; : oy (y) = agy® + a1y + ap}.
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4.2. Bessel processed.et X, be a Bessel process defined by generator
d 1, d?
r—-s.
dr 2 dz?
2a

We assume that = 23 — 1 > 0 (thus the process never reaches the boundary point0). Then we
prove the following:

Lemma 4.10. As a particular case one can cover the CEV (constant-elasticity-of-variance) models with
volatility functionoy (y) = c(y — yo)?.

Proof. Choosep = 0. Then the eigenvalue equation is

dp(z) 1 , do(x)

dx 20 . dx?

The two linearly independent solutions apg (r) = 1 andp, (z) = 2~*. We putcz = 0, thus
h(z) =x~*andY (z) is

a = pp(r) = 0.

—a
Y(z)= ¥ " tes A+ Bz“.

clr—«
Thus we can express= X (y) = ¢1(y — yo)= and we find that

Y'(X(y) = (X' ()" = caly — yo)' =

Note that sincev > 1, the powerl — iis positive. Using formula4.2) we can compute the volatility

oy (y) = oV X (W)Y (X(y)) = cly —y0)".

wheref =1 — O

11
2a”
Remark4.11 Note that we were able to compute the explicit form in these cases because that we could

find the inverse function = X (y) explicitly. This is not the case for most applications, though, and we
often have to use numerical inversion instead.

4.3. Ornstein-Uhlenbeck processes - OU family of martingalesLet X; be the Ornstein-Uhlenbeck
process

dX, = (a — bX;)dt + cdWt,

discussed in detail in sectidh 1.
Without loss of generality we can assume that 0 (otherwise we can consider the procé§s— 7).
ProcessX, satisfies the following property; has the same distribution asX;:

(4.14) P,(X; € A) =P_,(—X; € A).

Functionsy, (x) andy ! (x) are solutions to the ODE:

1 ,d%p(x) de(x)
50 dx? b dx

One can check that the functiory (=) is given by

o), [5 Mg +1.3 k)
) 2" T(E)

and due to the symmetry of; (see ¢.14)) we havecpj(a:) =, ().

(4.15)

M(g, 3,
i+

U

(4.16) ¢, (x) =7 (

2

=

Remark4.12 To prove formula4.16) one would start with the Kummer’s equatioh { 1) for M (47, %, 2)
and by the change of variables= % 22 reduce this equation to the form.(5).

o2



16 CLAUDIO ALBANESE AND ALEXEY KUZNETSOV

We see that forr > 0 the functiony () is justU (4, i U—ZIZ), whereU is the second solution to
the Kummer's differential equatiom\(13). As we see in the next section, functiohsandU are related

to the CIR process, since the square of Ornstein-Uhlenbgek X ? is a particular case of CIR process:
dY; = (02 — 2bY,)dt + 20\/YidW,.
The asymptotics op ; (z) asz — oo can be found using formulai\(15):
(4.17) oF (x) ~ C'ac%_lecr%IQ7 asx — oo; go;f(a:) ~Cz~ %, asz — —o0
The asymptotics op, (x) = ¢} (—) is obvious.
The boundary behavior of the proce¥é andY is given by the following lemma:

Lemma 4.13. Leth(z) = c1¢} (z) + c2¢, (x). Then both boundaries are natural for the proceg$
(the same for the process).

Proof. Let’s prove the result for the right boundafy> = co. The result forD' = —oco follows by
symmetry.

Letc; > 0. From lemmeB.8and equationsH.2) we find that the speed measure and the scale function
of X have the following asymptotics as— oc:

mxn(z) = h*(x)mx () ~ Cquev%Iz, shen () = h2(z) sy (z) ~ C’x_Qqe_a%wQ,
whereq = £ — 1. Now using lemm&.7 one can check thab? = oo is a natural boundary. The case
c¢1 = 0 andcy > 0 can be analyzed similarly. O

Thus we see that the processgsassociated with the Ornstein-Uhlenbeck process behave similar
to processes associated with Brownian motion (quadratic volatility family): these are conservative pro-
cesses. The next two examples of processes illustrate different boundary behavior: the family associated
with the CIR process has one killing (exit) boundary, while the family associated with the Jacobi process
has both killing (exit) boundaries.

4.4. CIR processes - confluent hypergeometric family of driftless processeset X; be the CIR pro-
cess

dX; = (a — bXy)dt + o/ X dW,
considered in sectioB.2. We will use the notations from secti@?2:

2a 2b
Functionapj andy; for the CIR process are solution to the ODE
1, d*p(x) dy(z)
4.1 —o? —(a— = .
(4.18) 50 5 — (a—bx)=7 = = pp(z)

Making affine change of variables= 62 and dividing this equation b, we reduce equatior (18 to
the Kummer differential equatio\(11), thus<p;,r andy,; satisfy

(4.19) oy (@) = M(£,a+1,00),

(4.20) ¢, (x) = U(%,a +1,02).

Using formulas A.13) and @A.15) we find the asymptotics cqzﬁ;j(m) andy; ():
(4.21) of(x) ~ 1, asz —0; ¢} (z)~ CeP 87271 asy — oo;
(4.22) ¢, () ~Cx™% asr —0; @, (v)~ Cz~ %, asz — oc.

The following lemma describes the boundary behavior of the pro&&sgand thus of the process
Y, = Y(X")).
Lemma 4.14. Leth(z) = c1¢} () + ca¢p, (), where bothr; are positive. TheD? = oo is a natural

boundary of the procesk”, while D! = 0 is a killing boundary ifa. € (0, 1) and it is an exit boundary
if > 1.
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Proof. Using formulas 4.21),(B.9) and lemma3.8, we find that the asymptotics of the speed measure
and scale function ok” are

mxn(z) = h?(x)mx (z) ~ {

20,
Cxv 2 2e%%  asy — oo

Cx™, asz — 0,
and
2
Cx~vto1le=07  asy — 0o
Cz®~1, asz — 0.

shn (@) = h™2 (@) sy (x) ~ {

One can check using Feller’s theorén, that fora: € (0, 1) we have a regular boundary, but since the
h-transform introduces nonzero killing measure at the boundaries given by equafidn we have a
killing boundary. Ifa > 1 we have an exit boundary. O

Note that since the left boundafy' = 0 is either a killing or an exit boundary, the proces8 is not
a conservative process. The same is truéfoe Y (X}).

Theorem 4.15. The family of driftless process&s related to a CIR process by a stochastic transforma-
tion is characterized by their volatility functions as follows:

wfafleezr

(4.23) oy (Y(z)) = C\/E(Cﬂp;(x) + capp ()2

_ ey (@) + gy (@)
c1op () + capp ()
Definition 4.16. We will call this family of driftless processeahe confluent hypergeometric famind
denote it by

M(CIR) = {Y; : Y ~ CIR process.
4.5. Jacobi processes - hypergeometric family of driftless processeket X; be the Jacobi process

dXt = (CL — bXt)dt + o0/ Xt(A — Xt)th7
described in sectioB.3. Recall the notations from secti@3. We defined parameters
2b 2a 2a
—————-1landg=——1.
o2 o024 b o2A
We assume that > 0 and$ > 0, thus both boundaries are inaccessible (see seBtign
Functions,o;f andyp,, for the Jacobi process are solutions to the ODE

%0’21‘(14 - x)ddi(f) — (a —bx) dgzix) = pp(x).

By the affine change of variables = Ay this equation is reduced to the hypergeometric differential
equation QA.2), thus using equationg\(8) we find that functionsso,jr andy,, for the Jacobi process are
given by

(4.24) of () = o Fy (0, ag; Br; 2/ A)

(4.25) ¢, (x) =2F1 (a1, 0500 +ag + 1 = B1;1 —z/A)

where the parameters satisfy the following system of equations:

a1+a2+1:3—2

(4.26) Qo = %
ﬁl = 142:;2~
The asymptotics opf (x) andy,, () are
(4.27) @l (z) ~ 1, asz — 0, @j(x) ~C(A—xz)"% asz — A,
(4.28) ¢, (z) ~ Cz~P, asz — 0, ¢, (z) ~1, asz — A.



18 CLAUDIO ALBANESE AND ALEXEY KUZNETSOV

Let h(z) = c1¢) () + ca0, (x), Where bothe; are positive. The boundary behavior of the
transformed procesk} is similar to the case of CIR processmat 0:

Lemma 4.17. D' = 0 is a killing boundary for the process/ if 5 € (0,1) and it is an exit boundary
if 3> 1. The same is true fab? = A by changing3 — a.

We see that in the case of the Jacobi process both boundaries are either killing or exit boundaries for
X!, thusX}* andY; are not conservative processes.

Theorem 4.18. The family of driftless process&$ related to a Jacobi process by a stochastic transfor-
mation is characterized by their volatility functions as follows:

(4.29) oy (V(2)) = OVa(A— )~ A=)
(crep (@) + c29p (2))?
cspy () + cap, (x)
c19p () + c2pp ()
Definition 4.19. We call this family of driftless processes tthee hypergeometric famignd denote it by
M (Jacobj = {Y; : Y ~ Jacobi procegs

Y(z) =

5. CLASSIFICATION OF DRIFTLESS DIFFUSION PROCESSES

In the introduction to sectio® we discuss the transformations of diffusion processes that preserve
the solvability property. As we saw these transformations consist of change of variables and Doob’s
h-transform, which also can be considered as a change of variables and gauge transformation of the
Markov generator. In this section we will focus on Markov generators. Let's ask a question: how can one
transform operatof and solutions to the eigenfunction equation?

Let £ be the second order differential operator

02 0
(5.1) L =a(y) ay? +b(y) ay

If a(y) is positive on some intervdD operatorL can be considered as a generator of a diffusion process,
thus we will calla(y) thevolatility coefficientandb(y) the drift coefficientof operator..
Let’s consider the following three types of transformations of the opefator
(i) Change of variables = z(y): the solution of the eigenfunction equatidif = pf is mapped
into f(y) — f(y(x)) and

(52) LTyl = a() () 515 + (o) (1) + b)a ) 5 =
53) a(0) (@' () oy + (L))

wherey = y(z).
(i) Gauge transformationf:(y) — f(y)/h(y) and
0? K (y)
_1 — il
LTyl =1Lh =al(y) a2+ (b(y) + 2a(y) hy)
02 < h’(y)> 0 1
5.4 =a(y)= + | b(y) + 2a(y)—= | — + —(Lh)(y).
(5.4) (y) oy (y) (y) ) ) oy h(y)( )(y)
Notice that gauge transformation actually consists of two transformations: right multiplication
of £ by h and left multiplication byl /h.
(iii) Left multiplication by a functiony?(z) (which does not affecf (x)):

2

ay?

> a% + % (a(y)h" (y) + b(y)M (y)) =

2 (y)b(y) 2

(5.5) L—Te2L=7(y)a(y) 3y
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In the case when(y) = 10?(y) andL is a generator of a Markov diffusiofY;, P), we can give a
probabilistic interpretation to the first and second types of transformations described Zpgyes just

the usual change of variables formula for the stochastic pragesghich describes the dynamics of the
processX; = X(Y;), thus itis just an analog of the Ito formula written in the language of ODEs. The
Gauge transformation has a probabilistic meaniid¥f;) can be considered as a measure change density
(thush(Y;) is a local martingale andh = 0), or whenh is a p-excessive functionf4h = ph) — then

the gauge transformatio,%mh — p is the Doob’sh-transform discussed in secti@2. The transformed
generatorL in this case describes the dynamics of the prodgssider the new measuf@, defined by

dQ: = h(Y;)dP;. Note that both of these transformations preserve the form of backward Kolmogorov

equation:

% (tay) = ‘Cf(tvy)

The last transformatioff’,> does not preserve the form of backward Kolmogorov equation, thus in
general it has no immediate probabilistic meaning, except witén) = c is constant — thefl’,- is
equivalent to scaling of time— 2¢' .

As we have seen in sectidnthe OU,CIR and Jacobi families of processes are solvable because they
can be reduced to some simple solvable process. In other words, for these processes, the eigenfunction
equation

1 *fly
(5.6) Ly f(y) = *U%(y)iz) =pf(y)

2 Jy
can be reduced by a gauge transformation (change of measure) and a change of variables to a hyper-

geometric or a confluent hypergeometric equation, thus giving us eigenfunetidng, generalized
eigenfunctionsoj, ¢, , and a possibility to compute the transitional probability density as

h(xo)h(z1)

It is known that OU, CIR and Jacobi processes are the only diffusions associated with a system of or-
thogonal polynomials (seé1]), thus corresponding families of driftless processes are the only ones that
can have a probability density of the for {) where the orthogonal bas{s),, },,>¢ is given by orthog-
onal polynomials. However we might hope to find new families of solvable processes if we generalize
the definition of solvability.

Note that the fact that we can compute solutions of equafidi) ¢ives us a ready expression for the
Green function through the formula.(9):

(57)pY(t7 Yo, 1/1) - Px (tv Zo, 371) - ) Z ei(piAn)twn(x0)¢7l($1)~
0

o
h(zo)h(z1) =

wy ol (o)ex (1), Yo <y
(5.8) Gy (N yo, 1) = AT A ’ B
wxlsﬁf(yl)% (yo), 1 < %o.

Since the Green function is a Laplace transformpoft, yo, y1) one could hope to find the probability
kernel through the inverse Laplace transform@f (A, yo,%1). Thus in this section we will use the
following definition of solvability:

Definition 5.1. The one dimensional diffusion process on the intervalD,, is calledsolvable if its
Green function can be computed in terms of (scaled confluent) hypergeometric functions.

In other words, the proced$ is solvable if there exist a-independent change of variables= y(z)
and a (possibly\-dependent) functioh(z, A), such that all solutions to the equation

(5.9) Ly f(y) = A (y)

are of the formh(z(y), \)F(z(y)), whereF is either a hypergeometric functiaif; (a, b; c; z), or a
scaled confluent hypergeometric functibfia, b, wz) (with parameters depending o).

Remark5.2. Later we will see that the requirement that the change of variables is independeig of
necessary, because otherwise every diffusion process is solvable (see refmdyk (
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5.1. Liouville transformations and Bose invariants. Consider the linear second order differential op-
erator

0? 0
5.10 L, = — +b(y)=—.

Making the gauge transformation with gauge factor

h(y) = exp <— / ’ ;‘EZB) dU) = VW(y),

we can remove the “drift” coefficient and thereby arrive at the operator

Ly 2 Lyh = aly) o> +aly)(y)

Oy?
Multiplying this operator by (y)~* we arrive at symmetric operator
1 41 . 07
(5.11) Eﬁyh —a Eﬁyh =L¢= Tyg + I(y),

where the potential term is given by:

(MmN (MW 2by)aly) — 2a(y)bly) — b(y)?
(5-12) Iw”‘(mw) ‘(mw) - Ta(y)? '

Definition 5.3. L€ is called thecanonical formof the operator,, .

The form of operatoi® is clearly invariant with respect to any of the three types of transformations
described above. Moreover, the following lemma is true:

Lemma 5.4. The canonical form of the operatdl® given by 6.11) is invariant under any two transfor-
mations of{ T, .., Tj,, T',2 }.

Proof. This lemma is proved by checking that every combination of two transformations cannot change
the canonical form of the operatds.(1). For example, suppose we are free to #i5e,, and T}, but
not7T,=. Using formula §.4) we find that by applyind’;, we have nonzero drift given b3/ /h. We

can’t remove this drift by some change of varialilgs. ., since by formulag.2) it will add a nontrivial
volatility term 2’(y)?, which in turn can not be removed by any gauge transformafipnAs another
example let's assume that we can U3e., andT’,z, but not7},. By formula ©.5) we see thaf’,» adds
nontrivial volatility, which can be removed t§,_. ., but formula 6.2) tells us that this in turn will add
nonzero drifty?(z)(Lx)(y), which can't be removed by ari§,». The last combinatioff’,- and7}, can

be checked in exactly the same way. O

Remark5.5. Note that to bringC,, to canonical formC® we used two types of transformations: a gauge
transformation and a change of variables. But by using other choices of two transformations we could
bring £, to a different canonical form. Thus when we talk about canonical form we need to specify
with respect to which two types of transformations this form is invariant (in this section we use only two
types of canonical forms: one described above, and the second obtained by a gauge transformation and a
change of variables only).

Definition 5.6. FunctionI(y) is called theBose invarianbf operator .10 (with respect to transforma-
tionsT}, andT’,z).

As we proved, functior (y) is invariant with respect to any two transformations{ @, .., 75, T',2 }.
However it is possible to change the potenfig)) by applying all three types of transformations. The
idea is to apply first a change of variables transformation, then remove the “drift” by a gauge transfor-
mation, after which we divide by the volatility coefficient to obtain a new canonical form. The details
are:

(i) A change of the independent varialjle= y(x) (see equation5(2)) changes the operatds.(])
into
2 0% y'(z) 9

L= /@) gg — oy W)
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(i) Multiplying the operatoiZ, by v2(x) = (y'(x))? we arrive at

82 y//(x) o

(' (@) La = 55 = (o) 9z (v (2))*1(y(x)),

(ii) Applying the gauge transformation with gauge fadtoe /y/(z) (see equation5(4)) brings us
to the operator in the following canonical form

.02
LS = 922 + J(x),
where the potential term is transformed as
1
(5.13) J(2) = Sy, 2} + (' (2))* 1 (y(2)),

and{y, =} is theSchwarzian derivative af with respect ta:

o= (56) -4 (455

As we have seen the above transformation changes the canonical form of the operator by applying all
three types of transformations. It is calletliauville transformation

Note that the order of the different steps in Liouville transformation does not matter, since all the three
transformationg 7, ..., 75, T',»} commute. The other important idea is that we are free to choose the
first transformation, but the other two are uniquely defined by the first one (see lesni)a (We will
use this fact in the proof of the main theorem in the next section.

As the first application of the canonical forms and Bose invariants we will prove the following lemma,
which gives a convenient criterion to check whether two processes are related by a stochastic transfor-
mation:

Lemma 5.7. Let X; be a diffusion process with Markov generator

@) 1 &’ f ()
Lxf(x)="0bz) i + 502(m) I
With this diffusion we will associate a functioiy (z) = Ix(z(z)), where
z)o’ b?(x
614)  Ix(o) = 1 (ol0)o") - g0+ 2 KO ) - ZY,
and the change of variableg(z) is defined throught’(z) = o(z). Then the functionx(z) is an

invariant of the diffusionX; in the following sense:
() Y; = (Y(Xy),P)ifand only if Jy (2) = Jx () for all z.
(i) X} = (X;,Ph)is anp-excessive transform of, if and only if Jx» () = Jx(2) — p.
(i) X ~YifandonlyifJy(z) = Jx(z) — p, wherep is the same as in stochastic transformation
{p, h, Y} which relatesX andY".

Proof. Applying the gauge transformation with gauge fadipfz) = /W (x) changesC x as follows:

1 0?
(515) £X — fﬁxhl ( )a 2 +Il( )
where by formula%.12) the potential term is equal
1 [2bx(x)ol(z) b ()
5.16 L(zx)=- | —F—=—= —by(x) —
( ) 1( ) 2 Ux(l‘) X( ) gc(x)

Changing variables’(z) = f x (z) we arrive at

92 2'(2) 0
(5.17) Li=55- 7(2) 92 + I (z(2)),
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and at last making the gauge transformation with gauge fagter = /«’(z) we arrive at the canonical
form

(5.18) P S A S
' o hQ S 822 x\z
where the Bose invariant (potential term) is

1
(5.19) Ix(z) = §{$a2}+-71(x)~

By direct computations we check that, 2} = 10’ (z)ox (z) — 20% (), which gives us formulag14).

Now we need to prove thalx(z) is invariant under stochastic transformations up to an additive
constant. A change of variables does not change the forfx ¢f). A change of measurg-{excessive
transform) changes the generatorof

1
EX (g Eﬁxh—p.

Since Jx (z) is invariant under gauge transformatiofs — %Lxh we see that/y (z) differs from
Jx (z) by a constant-p, which ends the proof. O

Example 5.8. As we showed in the previous section tpgadratic volatility familywith volatility func-
tions of the form

(5.20) oy(y) = asy® + a1y + ap

is related to a Brownian motiok; = W, by a stochastic transformation. It is very easy to prove this fact
using the above lemma:

Jw =0, Jy = const
thusY; ~ W;.
Example 5.9. As another application of lemnta7let’'s show that a Bessel process
dX, = adt + /X, dW,
is related to CEV processes (constant-elasticity-of-variance)
dY, = Y aw;.
Note that in subsectiof.2we constructed these stochastic transformations explicitly.

Functionlx (z) is given by

Ix(z) = i (—1 SIS B - Cﬂ) - ﬁ(—ZaQ +2a — 3/8)
After making the change of variablds = o x (7)dz = \/zdz (thusz = 22 /4) we arrive at
Jx(2) = 27%(—=2a® 4 2a — 3/8).
Similarly for the proces$;
dy = oy (y)dz = y'dz =y = (1~ 0)z) ™7
and

Jy(z) _ 1 9(9 _ 1)y29—2 _ 192y29—2 _ 12—2 97 —
4 2 47 (1-0)2
One can check that wheh= 1 — m we haveJy (z) = Jx(z), thus processes; should be

related to the Bessel process by a stochastic transformgidn Y} with p = 0 (see sectiod.2where
we construct this transformation explicitly).
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The following diagram illustrates the importance of a Liouville transformation (in particuldf’the
transformation). Assume that we start with a diffusion procgss By stochastic transformations we
can construct the famil§t(X;) of driftless processes. By a gauge transformation and by a change of
variables we map the generator &f into the corresponding canonical form (with the Bose invariant
given by 6.14). By applying a Liouville transformation we change the potential (Bose invariant) of the
canonical form and then by a change of variables and a gauge transformation we can map it back into
the generator of some diffusion process. Then as before we construct a family of driftless processes
M(X2). Note thatli(X,) andMi(X;) are not related by a stochastic canonical transformation, since
otherwise they would have the same Bose invariants. Then the process can be continued. Thus we have
a family of Bose invariants related by Liouville transformations, each of these invariants (potentials in
canonical form) gives rise to a new family of driftless processes, which are not related by a stochastic
transformation to the previous families (otherwise their Bose invariants would coincide).

The following diagram summarizes the above ideas:

IM(X1) M(X2) M(X3)
l { l
stochastic stochastic stochastic
transformations transformations transformations
{ l l
X1 b Xo * X3
(3 (3 (3
JXI(Z) — JXz(’Z) Aaad JX:;(’Z)
Liouville Liouville
transformation transformation

5.2. Classification: Main theorems.

Theorem 5.10. First classification theorem. A driftless procesy’; is solvable in the sense of definition
5.1if and only if its volatility function is of the following form:

(5.21) oy(y) = oy C\ﬁ (c1Fy( )+C2F2( N2\ R(x)’

where the change of variables is given by
c3Fy (13) + cy s (l‘)

(5.22) v=Y@) = D T abhe)

, C1Cq4 — C3C2 75 0.

In the caseA(z) = «:
(i) R(x) € Py, such thatR(x) # 0in (0, 00)
(i) Fy and F; are functionsM (a, b, wx) andU (a, b, wx)
(iii) W(«x) is a Wronskian of the scaled Kummer differential equation (equé&l(to) in (B.9)).
and in the casel(z) = z(1 — )
() R(xz) € Py, suchthatR(x) #0in (0,1)
(i) Fy and F; are two linearly independent solutions to the hypergeometric equation givendy (
(iii) W(x) is a Wronskian of the hypergeometric differential equation (equal(te) in (B.17)).
Before we prove this theorem we need to establish some auxiliary results.

Lemma 5.11. The Bose invariant for the hypergeometric equation

2 X
R L R s T O

is given by

(5.23) Inyp(z) =
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where
(5.24) Qz) = (1~ (a=p)*)2® + 2v(a+f — 1) — daf)z + (2~ 7).
The Bose invariant for the scaled confluent hypergeometric equation
0%f(z) 0f(x) _

T3 + (a— wa:)W —bwf(x)=0

is given by
Q(x)

(525) Iconfl(-r) = F;
where
(5.26) Q(z) = —w?z? + 2w(a — 2b)x + a(2 — a).

In both cases by varying parameters we can obtain any second order polyr@mial

Proof. For the second order differential equation

(5.27) a(2)2 aj; (,f> + b(x) 825;”) te(z)f(z) =0
the Bose invariant is given by formul&.(2 and is equal to
~ 2b(z)a(z) — 2a(z)b(z) — b(z)?  c(z)
Hz) = da(x)? * a(z)
_ 2b(z)a(z) — 2a(z)b(z)’ — b(x)? + da(x)c()
da(x)? '

O

Corollary 5.12. LetT'(x) € P, be an arbitrary second order polynomial ant{x) € {z,z(1 — z)}.
The solutions to equation
0*f(x) | T() _
Ox? A?%(x) f@)=0

can be obtained in the forfi(z)//W (x), whereW (z) is the Wronskian given byp(— [* b))
and functionF'(z) is a solution to the hypergeometric equation in the cdse) = z(1 — «
scaled confluent hypergeometric equation in the cége) = z.

~
o
=
—
o
—
>
¢

Theorem 5.13. (Schwarz) The general solution to the equation

1
(5.28) Sy et =J(@)
has the form
FQ(.’E)
5.29 x) = ,
(5.29) y(x) @)
whereF; and F» are arbitrary linearly independent solutions of equation
0*F(x)
(5.30) 92 + J(z)F(z) =0.
Proof. Let's introduce the new variablB(z) = \/7;1(7) Then we have
1 y"(z) F'(z)
") = ——— =logy'(z) = —2log(F(z)) = =-2
y'(x) F)? gy (x) g(F(x)) () Fo)

Thus the Schwarzian derivatifeg, =} is equal to:

- (1) (12

2
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and equationH.29) is transformed into equation
F'(x)+ J(z)F(z) =0
for function F'(x), thus
1
/ —
Y= Ew

whereF (x) is an arbitrary solution of”'(z) + J(z)F (z) = 0.
Note that if /; and F, are solutions to second order linear ORE” + bF’ 4 c¢F = 0, then
d (Fy(x)\ _ Fi(x)Fi(x) — Fa(x)Fi(z) _ Wk, r (2)
dz \ Fi(z) F3(x) FE(z)

and since the Wronskian of equatidn30) is constant we can obtain the above expressiogfey. O

Remark5.14 Note that theorenb.13 and equationq.13 tells us that for any potential there exists a
change of variables(x), which maps equatiof”’ = 0 into equationt”’(z) + J(z)F(z) = 0, thus any
two canonical forms can be related by some Liouville transformation. That is why in the defifition (
we require the change of variablg&r) to be independent of.

Proof of the first classification theorem:

Proof. By definition5.1the procesd; is solvable if for allA we can reduce equation

Lriw) = 340 LY < asw)

to the (scaled confluent) hypergeometric equation by a Liouville transformation, with a change of vari-
ablesy = y(x) independent of. The Liouville transformation consists of three parts: a change of
variables, a multiplication by function and a gauge transformation and all these transformations com-
mute. For example we could first apply a multiplication by function transformation, and then use only
change of variables and gauge transformations. Thus we can reformulate the problem as follows: find all
functionsoy (y), such that there exist a functieriy), such that the equation

(5.3 22) 1) = 4?0 T = 220

can be reduced to the (confluent) hypergeometric equation by a change of variables (indepehpent of
and a gauge transformation. The Bose invariant of equaici)(is given by

1
(532) I(z) = S{y.a} — 22 (y(@)),
with the change of variables given by
d
(5.:33) = = ov ().

Note thaty(y) must be independent dfsincesy (y) andy’(x) are independent of.

By lemmab5.4we know that equatiorb(31) can be reduced to the (confluent) hypergeometric equation
by a change of variables and a gauge transformation if and only if the corresponding Bose invariants are
equal, that is

I(z) = Inyp(z), orl(z) = ILeonp(z),
thus, combining equations (32 with (5.23 and 6.25, we have

30} = 2720(0) = B

whereA(x) € {z,z(1—z)} andQ(z) = Q(x, \) is some second order polynomialirwith parameters
depending on\. Note that{y, z} and~?(y(z)) are independent of, thus there exist two polynomials
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T(x), R(z) € Pz, independent of, such that

Q(x) = T(x) — 2AR(x),
(5.34) Hy.a} = 55,

P y(@) = 1o, R(x) >0.

The last equation in the system 84) gives us the function (y(z)):

_ VR()
By theoremb.13 the solutions to equatioh{y, z} = ATQ((?) are given by

csfi(z) + cafo()
5.36 — 7
(5-:36) y() c1f1(z) + cafa(2)
wheref; and f, are linearly independent solutions to equation

11 T(.’I,') —

(5.37) f(x)+ 7A2(x) f(z) =0.

Now we can use corollarp(12), which tells us that all the solutions to equatién3?) can be found in

the formF'(z)/+/W (z), thus

(538) y(x) _ ezl (I) + C4F2(:17)

1 Fy(z) 4+ caFy(x)
where F; and F» are confluent hypergeometriel(z) = x) or hypergeometric4(z) = z(1 — z))

functions.
Now we are ready to find volatility functiomy (y). From the equatior5(33 we find that

, 1
The derivativey’(z) can be computed as
oy CW(x)
V=GR + wh@)?
thus
. 1 _ CW (x) A(z)
@)=V 6w T e R + aB@P VAW
which completes the proof. O

Definition 5.15. We call the family of driftless processes with volatility function given by equatioR
ahypergeometric R-family the cased(z) = z(1 — «) and aconfluent hypergeometric R-famitythe
caseA(z) = x.

We see that in the cade(z) = A(x) we recover the hypergeometric and confluent hypergeometric
families, which correspond ®t(Jacobj and®i(CIR). In the case?(x) # A(z) we obtain new families
of processes. The next theorem shows that the (confluent) hypergeometric R-family can be obtained by
stochastic transformations described from some diffusion process (in the same way as Jacobi and CIR
families are generated by a single diffusion process).

Theorem 5.16. Second classification theoremlLet R(x) € P, be a second degree polynomialin

() The confluent hypergeometric case: AssumeRfat has no zeros irf0, co). Let X; = X/ be
the diffusion process with dynamics
Xy Xy

(5.40) dX, = (a+bX,) 5 Gt X )th.
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Then the confluent hypergeometric R-family coincides Wi ?) and thus can be obtained
from X[ by stochastic transformations. In the particular ca3ér) = A(x) = z we havex [
is a CIR process and we obtain the CIR family definedtid)(

(i) The hypergeometric case: Assume tfRit:) has no zeros if0,1). Let X; = X[ be the
diffusion process with dynamics:

Xe(1— Xy) Xe(1— Xy) :
R(Xy) R(X:) .
Then the hypergeometric R-family coincides wWilt{X?) and thus can be obtained frofi/*

by stochastic transformations. In the particular ca@ér) = A(z) = z(1 — z) we haveX 7 is
a Jacobi process and we obtain the Jacobi family defined.is).(

(5.41) dX; = (a +bX,)

Proof. The generator oK is given by

A(z) & 1 A%(x) 02

R(z) 0z ' 2 R(z) 922

One way to prove this theorem is to check that the corresponding Bose invariants coincide. However we
prove this theorem by applying stochastic transformations to the prd€easd showing that we can

cover all of the processes with volatility functions given by equatio&1).
First we need to find two linearly independent solutions to the “eigenfunction” equation

(5.42) Lx = (a+ bx)

Lxp = pp.
This equation is equivalent to
dp(x) p(x) R(x)
=2 .
Oz 012 P Az P
By dividing both sides byd(z) and making gauge transformation with gauge faétar) = /W (x),
F = ¢/h, we arrive at the equation in canonical form:
0?F(z) n Q(z) — 2aR(x)
Ox? A?%(x)
By corollary5.12this equation is solved in terms of hypergeometric functions, thug) = g(z) F;(x),
whereF; are (confluent) hypergeometric functions. Thus

_api(x) Feps(x)  ciFi(x) 4 caFy(x)

csp1(x) Feapa(x)  esFi(z) + caFo(z)’
andoy (y) is computed as

2(a + bx)

+ A(x)

F(z)=0.

oy A e W) A(x)
oy (y) = Y )\/R(Dﬁ) CvAl )(ClFl(fU) + caFp(x))?\| R(z)’
which ends the proof. O
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APPENDIXA. HYPERGEOMETRICFUNCTIONS

In this section, we review basic notions about hypergeometric functions. A good collection of facts
and formulas can be found i8][and [1].

A.1. Hypergeometric function. The hypergeometric functiopF; («, 5;~; z) is defined through its
Taylor expansion:

(A1) 2F1(a75;7§2):7;wﬁ-
2F1 (o, B;; z) is a solution to thdypergeometric differential equation
(A.2) 2(1=2)F"(2)+ (v — 14+ a+p)2)F'(2) — aBF(z) = 0.

This differential equation has three (regular) singular poitit$; co. The exponents at= 0 are0, 1 —~
and atz = 1 are0,y — a — 3.
Two linearly independent solution in the neighborhood ef 0 are given by:

(A.3) wy = o F1 (o, B57; 2),

(A4) w?:21772F1(O‘774’175774’1;277;2’)3

and in the neighborhood aef= 1

(A5) wlzzFl(O[,ﬁ;Oé+ﬁ+l_’Y;1—Z),

(AG) W2 = (1 - Z)’Y7Q7BQF1(’Y - 6;7 —o,y - — ﬁ+ 17 1- Z)

The derivative of the hypergeometric function is:
(A7) 2Fi(0,Bi7i2) = LaFi(a+ 1,5+ 1y +1,9)

Increasing and decreasing solutions of the hypergeometric equation, which in the case 8 >
0, v > 0andy < o + 8 + 1 are given by:

(A8) @+($) = 2F1(O[,6;’7;Z),

(A.9) o () =2F1(a,Bia+B+1—7;1—2).

A.2. Confluent hypergeometric function. The confluent hypergeometric functiqi’ (a, b, z) (also
denoted byM (a, b, z) or ®(a, b, z)) can be defined through its Taylors expansion

= (a)n 2"
Al M = —.
(A.10) (a.b,2) g@ o).
FunctionM (a, b, z) is a solution to th&kummer differential equation
(A.12) 2F"(2)+ (b—2)F'(2) —aF(2) =0

It has two singular point), co. 0 is a regular singular point with the exponefifd — b.
Two linearly independent solutions to the Kummer differential equation are given by:

(A.12) wy = M(a;b;2), we=2"""M1+a—b2-0b;2z).
The increasing and decreasing solutions are given by:
(A13)  ¢"(2) = M(a;b;2),

(A1) o (x) = Ula,b, 2) = T (F( M (a,b,2) B 1bM(1+ab,2b,z)>

sin(b) \I(I +a—b)C(b) T(a)T(2 - b)
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The asymptotics oM andU as|z| — oo (Rz > 0) is:

(A15) ¢ () = M(ab.2) = [ore 1+ Ol ™)),
(A.16) ¢~ (z) = Ula,b,2) = 2~ *(1+ O(|z[ 1)),

and the derivative of the confluent hypergeometric function can be computed as
(A.17) M'(a,b,z) = %M(a+1,b+ 1,2).

APPENDIXB. ORNSTEIN-UHLENBECK,CIR, AND JACOBI PROCESSES

In this section we present some facts about the following three diffurion processes: OU, CIR and Ja-
cobi. These processes enjoy a lot of interesting properties: first of all , these processes are associated with
a family of orthogonal polynomials, which means that these polynomials form a complete set of eigen-
functions of the generataf. Furthermore, it can be proved that these are the only diffusion processes
which have this property (seé1]). This property of generatof allows us to express the probability
semigroupP(t) as an orthogonal expansion in these polynomials, thus all of these processes are solvable
(moreover, there are explicit formulas for OU and CIR).

In this section we just briefly present the formulas for the generator, speed measure and scale func-
tion, describe boundary behavior, present eigenfunctions and eigenvalues of the generators and series
expansion for the probability density (along with an explicit formula if possible).

B.1. Ornstein-Uhlenbeck process.
e Generator:

d 1 ,d?
(B.1) L=(a b:::)dng + 50 o
whereb > 0.
e Domain: D = (—o0, +00).
e Speed measure and scale function:

1 b b
B2  mr) = Y (-2 52). S =ow (-5
b
e Boundary conditions: Boti! = —oo andD? = +co are natural boundaries for all choices of
parameters.
e Probability function:
b _ —bt _ a(1 _ ,—bt)\2
(B.@(OU)(t,mo,ml)m(xl) = L exp [ -2 (1 = @oe 21251 ) .
,/T%Q(lief%t) (1 —e20)

e Spectrum of the generator:
(B.4) Ap = —bn.

e Eigenfunctions of the generator:

(B5) Yalw) = H, Wft(x - Z)) :

whereH,, (z) are Hermite polynomials. The three term recurrence relation is:
(B.6) H,1—2zH,(z)+2nH,_1(z) = 0.

o Orthogonality relation

/ UV () () () d = 2705,
D
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e Eigenfunction expansion of the probability function:

x©  _—bnt
€
(B.7) p(OU) (t,z0,71) = Z WHTL(ZJO)Hn(yl)a
n=0 ’
wherey; = /5 (z; — 4).
B.2. CIR process.
e Generator
d 1, d&
e DomainD = [0, +o0)
e Speed measure and scale function:
9a+1 a, —0x / —a—1_6z
(B.9) m(z) = mx e S(x)==x e’
wherea = 22 — 1 andf = 2.

e Boundary condltlonsD2 +oo is a natural boundary for all choices of parameters and

exit, ifa < —1
(B.10) D' ={regular,if —1 <a <0
entrance, if) < o
e Probability function:

bt 3

5&
(B.mﬁm)(t,xo,zl)m(zl)ct(m ) exp [—ci(woe ™ + 21)] u(act\/xoxlebt),

Zo

wherec; = —2b/(a%(e~ — 1)) andl,, is the modified Bessel function of the first kind (s&B [
e Spectrum of the generator:

(B.12) An = —bn.
e Eigenfunctions of the generator:
(B.13) Yn () = LG (0z),
whereL%(y) are Laguerre polynomials of orderwith the three term recurrence relation:
(B.14) (4 1)Ly (y) — @n+a+1—y)L3 () + (n+a) L (y) = 0.

e Orthogonality relation:

[ onlaim(@ymizds = exng,,
D !

o Eigenfunction expansion of the probability function:

(815) p(C|R) t s Ly 1'1 Zf WLQ(GZ‘O) %(93’1)
B.3. Jacobi process.
e Generator
d 1 4 d?
(B.16) £7(a—bﬂc)@+§a (E(A—.’L)@.

e DomainD = [0, 4]
e Speed measure and scale function:
2P (A — )™
AetBHIB(a+ 1,6+ 1)’
_ _2a
2

(B.17) m(z) = s'(x) =2 N (A—x)" ],

wherea = 2
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e Boundary behavior for the Jacobi process is the same as for CIR process at the left boundary:
exit, if 6 < —1
(B.18) D' = {regular,if —1 < 8 <0
entrance, i) < g

The same classification applies to right boundary, we only need to refilager. Notice that
in the case when > 0, b > 0 and§ < A (which means that mean-reverting level lies in the
interval (0, A)), we havenr > —1 andg > —1 and thus both boundaries are not exit.

e Spectrum of the generator:

2
2
(B.19) An = —%n(n —1+ Ui;).

¢ Eigenfunctions of the generator:
(B-20) Un(x) = P{*P(y),
wherey = (%:-1) andP,(La’ﬁ)(y) are Jacobi polynomials with the three term recurrence relation:
2n+1)(nt+a+pB+1) plad)
2n+a+p+1)2n+a+p+2) "
2 2
+ b o pLes)
2n+a+B)2n+a+B8+2)
2(n+a)(n+P) P(a’ﬁ)(y).
2n+a+p)2n+a+p8+1) "1

y P\ (y) = (y) +

(y) +

o Orthogonality relation
(@ +1)n(B+1)n

n m d = Ednm =
/Dq/}'(x)d) (@)m(dz) = prdnm (@+84+2)p1(2n+a+8+1)n
e Eigenfunction expansion of the probability function:

0 —Ant
(B.21) PO (¢, g, 1) = 3

n=0

| nm:-

> PP (yo) PSP (),

wherey; = (%t — 1).
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