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ABSTRACT. We introduce a general pricing formula that extends Black-Scholes’ and contains as particular
cases most analytically solveable models in the literature, including the quadratic and the constant-elasticity-
of-variance (CEV) models for European and barrier options. In addition, large families of new solutions can
be found, containing as many as seven free parameters.

1. INTRODUCTION

It has been known since the seventies that Black-Scholes pricing formulas are a special case of more
general families of pricing formulas with more than just the volatility as an adjustable parameter. The
list of the classical extensions includes affine, quadratic and the constant-elasticity-of-variance models.
These models admit up to three adjustable parameters and have found a variety of applications to solving
pricing problems for equity, foreign exchange, interest rate and credit derivatives. In a series of working
papers, the authors have recently developed new mathematical techniques that allow to go much further
and to build several families of pricing formulas with up to seven adjustable parameters in the stationary,
driftless case, and additional flexibility in the general time dependent case. The formulas extend to
barrier options and have a similar structure as the Black-Scholes formulas, the most notable difference
being that error functions (or cumulative normal distributions) are replaced by (confluent) hypergeometric
functions, i.e. the special transcendental functions of applied mathematics and mathematical physics.

Let F' denote a generic financial observable which we know is driftless. Examples could be the
forward price of a stock or foreign currency under the forward measure, a LIBOR forward rate or a swap
rate with the appropriate choice of numeraire asset. Black or Black-Scholes formulas are obtained by
postulating that the time evolution éf obeys a stochastic differential equation of the form

(11) de = O'(Ft)th

whereo(F') = o1 F is linear. In this case, pricing formulas of calls and puts for both plain vanilla and
barrier options can be written in exact analytical form in terms of the error function or cumulative normal
distribution. Interestingly, quadratic volatility models with

(1.2) o(F) = 0o+ o F + oo F2.

also allow for pricing formulas that reduce to the evaluation of an error function. The reason why error
functions suffice also to express pricing formulas in the more general case of quadratic volatility models

is that these models can all be reduced to a Wiener process by means of a simple measure change and
variable transformation of the form

(1.3) Fy = F(xy),
where the underlying;, follows:

The formula (.3) applies under a pricing measure where assets are valued in terms of a suitably defined
numerairgy; = g(x,t). For a review of change of numeraire methods in pricing theory we refé} &amfl
[2]. Both functionsF'(x) andg(z, t) can be derived explicitly for any choice of paramet@so, os.

It also turns out that quadratic volatility models are the only stationary, driftless models for which
the combination of a non-linear transformation of the forh8) together with a change of numeraire
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reduces the problem to a Wiener processs the one inX.4). In [3], Carr, Lipton and Madan address
the question of whether it is possible to relax the condition of stationarity and find more general processes
with drift and volatility both dependent on calendar time as well ag'avhich still reduce to the Wiener
process and they find that the general solution admits as many as eleven time dependent functions.

A related line of reasoning leading to extensions of the Black-Scholes formula starts from the obser-
vation that the CEV models with state dependent volatility specified as follows:

(1.5) o(F) = oo(F — F)'**
with constant® and F, reduces to the Bessel process
(16) da:t = )\Odt + VO\/Eth.

by means of a non-linear transformation combined with a measure chandg.lipfon derives general
reducibility conditions to the more general processes

(1.7) dry = (Ao + Mzy)dt + vo 2 dW.

which are solvable fo = 0,1, % The case3 = 1 is the lognormal (or affine) model leading to the
Black-Scholes formula. The two casés= 0, % correspond to well-known solvable short rate models,
namely the Vasicek and the Cox-Ingerssol-Ross (CIR) model&],Ifg], Albanese and Campolieti find

a general solution to the reducibility conditions by Carr, Lipton and Madan for stationary, driftless pro-
cesses. In this article, we summarize our findings by presenting the general solution formula, originally
derived using reducibility conditions and illustrate its use in a few particular cases. Since the original
derivation is somewhat lengthy, in the Appendix we give a streamlined verification of its validity and
refer to our other papers for a constructive derivation.

2. GENERAL PRICING FORMULA

In this section, we derive a general pricing formula for the models which are solvable by the reduction
method.

Assume that the state variahlehas a driftA(x) for which one can find the pricing kernel for the
process

(21) dl’t == )\(I’t)dt + Z/(I’t)th.

The pricing kernel is the function(z, t; x¢, o) which solves the forward Fokker-Plank equation in the
first pair of arguments and the backward Black-Scholes equation in the second pair. The latter equation
can be written as follows:

v(wo)?
2
for t > to, with final time condition at terminal tim& = ¢ given byu(x,¢; zo,t) = §(z — o) (a Dirac
delta function). Recall that the pricing kernel can be interpreted as the price of a limiting butterfly spread
option and is related to the second derivative of a call option written on the state variaiite respect
to the "strike”xy. The processes iri(7) are examples of analytically solvable models for which one can
compute the pricing kernel.
Solvable pricing models can be constructed starting from the price function of a generic European
style option written o, i.e. a solutiorw(z, t) of the Black-Scholes equation i2.@) with an arbitrary
final time condition at = 0. The Laplace transform of such a function

(2.2) uty (2, 0, to) + Uzoao (T, T 0, to) + A(To)Usy (2, T X0, t9) = 0

(2.3) o(z, p) = / P02, tg — t) dt.
0

is usually referred to as “time-independent Green’s function” and satisfies a second order ordinary differ-
ential equation with Dirac delta function source teffe — x). Let us consider the homogeneous part
of this equation as given by

v(z)?

(2.4) —pO(E, p) + =5 Vau (@, p) + M) (2, p) = 0.
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We find that functiongi(z, p) solving this equation can be taken as the elementary building blocks for
the construction of solvable pricing models for thespace processes. Because of this reason, we name
o(z, p) the “generating function”.

Armed with a solutiond(x, p), we define a volatility functiors(F) and an invertible monotonic
transformationt” = F'(x) and its inversec = X (F') such that

ot (P (2 25

25 o(F) = -
@9 " X (PP
with arbitrary constant, and where

dz dF
(2-6) m —_— im.

The two signs correpond to either monotonic increasing or monotonic decreasing transformations. The
freedom in choosing the sign gives rise to 2 families of solutions which are different in the general case.
As we verify in the Appendix, the process
ert
2.7) gt = ——~
o(xt, p)

can be regarded as a forward price process and under the measuwy@wamumeraire the state variable

x drifts at rate\(x). Hence, the pricing kerndl (F, ¢; Fyy, 0) for the overlying forward pricé’ at time

t can be evaluated in closed form as the expected reward from a limit butterfly spread contract with delta
function payoff

(2.8) U(F,t: Fy,0) = E, {;5(1?(@) — F)}

conditional on the price having valug at initial timet = 0. Here, the expectation is computed assuming
thatg; is the numeraire and that the state variablgrifts at rate\(«). The final formula for the pricing
kernel inF’ space is related to the kernel in the underlyingpace as follows:
V(X (F)) o(X(F),p)
o(F) 9(X(Fo),p)
A European call option written on the forward prig at current time = 0, struck ati” and maturing
at timet = T can be priced in this model by computing the following integral:

(2.9) U(F,t; Fy,0) = e Plu(X (F),t;2(F),0).

) _ _—pT > o(z, p) _ .
(2.10) C(K,T;Fy) =e /X(K) dmi@(X(Fo),p) (F(x) — K)u(z,T; X (Fp),0).
Barrier and lookback options can be handled by modifying the underlying kernedpace to account for
the appropriate boundary conditions. This is accomplished by means of either integral representations
or eigenfunction expansion methods, i.e. Green'’s function methods that are standard in the theory of
Sturm-Liouville equations. See the articles of Davydov and Linet3kydr a discussion in an option
pricing context.

3. FOUR FAMILIES OF SOLVABLE MODELS

The case? = 1 is the usual lognormal (or affine) model. Of interest here is the other two families with
8 =0, % in equation L.7) giving rise to solvable models in casg < 0 which admit as a singular limit
a family with different properties in the non mean-reverting litnit= 0. This provides four examples
of our methodology to generate exactly solvable models.

If 5 =0and\; = 0 we recover the Wiener process with constant drift, which is readily transformed
into a driftless Wiener process and thus supports only quadratic volatility functidgnsjace, including
the lognormal Black-Scholes model as a special subcage=If) and\; < 0 then the kernel in: space
can be shown to be given by

2 2)\1 81nh()\1t) inh ( ToT 52 + 5362/\1t )\1
Sin

= 0 4Ty
Jrvo(eht — 1) Ve sinh()\lt)> P [Alyg(eQ’\lt R

3.1)  wu(z,t;x0,0)
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wherez = Ay + A1z, To = Ag + A\1x. The generating function solves a special case of the confluent
hypergeometric equation (Hermite’s equation) with general solution

. p 1 Mo+ \z)? p 11 (Mo+ Ax)?

(32) 'U(l’,p) Q1]\/[( 2)\1a25 (Alyg)Q > +q2()\0+)\1I)M< 2)\1 2727 ()\1Vg)2 >
with arbitrary constants, ,q>. HereM (a, b, z) is Kummer’s function8], i.e. the confluent hypergeomet-
ric function that is regular at = 0. In this expression, one can count 6 free dimensionless parameters.
For each choice of these parameters, there are two different families corresponding to the two different
choices of the sign in equatioB.6).

If 3 =4 andA; = 0, then the pricing kernel for the state variable is expressed in terms of modified
Bessel functions as follows:

%(%*1) —2(z+x0) /13t 4. /T8
3.3) u(z, t; z9,0) = <x> ’ 6270]m7 < gcx0> .
Zo vit/2 2 Vit
The generating function is
. 1a-20) 8px 8px
(34) 'U(.’E,p) =z 0 quﬁ_l 3 +(J2Kﬁ_1 2 ’
vg Yo v6 Yo

with arbitrary constants,,q2. Herel, (z) is the modified Bessel function of orderand K, (z) is the
associated McDonalds function. In this case we obtain a dual family with 6 adjustable parameters.

The cases = % and)\; < 0is more general than the Vasicek case. Geometrically, the CIR process
describes the stochastic dynamics of the radial distance of a point whose Cartesian coordinates follow
an evolution given by the Vasicek model. This analogy applies only to integer dimensions, but analytic
continuation in the dimension parameter allows one to gain one additional degree of freedom. The pricing
kernel for the state variable corresponds to that of the short rate CIR model, and can still be expressed
in terms of modified Bessel functions as follows:

-t %(%*1)
(3.5) u(zx,t;z9,0) = ¢ (xe ) ’ exp [—ct(xoe’\lt + :Jc)} Iz, <2ct VA xmoe’\lt) ,
2

i) vg

wherec; = 2); /(13 (et — 1)). For a derivation se€]. The general solution of equatio.d) reduces
to Whittaker’s equation and generating functions have the general form

2\ 2\
(36) @(:E> p) = 1,7)\0/11367)\13:/1/3 |:q1Wk,m ( - 21‘L) + q2Mk.m ( - ;l):|
Yy ' Yy
for arbitrary constantg;,q.. Here Wy ,,,(-) and My, ,,,(-) are Whittaker functions which can also be
expressed in terms of confluent hypergeometric functions or in terms of Kummer fun@&jofisi$
construction gives rise to a dual family with 7 free parameters where
)\0 1% /\0 1
3.7 k=% + 12 =20 _ -
(3.7) Vg + A mn l/g 2
The 7 parameter family which reduces to the CIR model has a local volatility function defined on
either an interval or on a half line and behaves asymptotically as the CEV volatility on one hand and as
a quadratic model on the other. This hibrid shape allows for a great deal of flexibility in reproducing
observed volatility skews. In Figure 1 we show
Additional extensions are possible. For instance, one can apply a deterministic time change and still
retain solvability. It is also possible to apply stochastic time changes and arrive to solvable extensions of
the variance-gamma model, but we refer to forthcoming articles for a discussion of this and other related
topics.

4. RECOVERING EXACT SOLUTIONS IN THE LITERATURE

In this section we show that the known exact solutions in the literature, namely quadratic and CEV
models, can all be rediscovered as particular cases of our general formula for the Bessel family where



BLACK-SCHOLES GOES HYPERGEOMETRIC 5

quadratic model
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FIGURE 1. Examples of local volatility functions for a quadratic model.

CEV volatility (6 = -3)
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FIGURE 2. Examples of local volatility unctions for the CEV model

we make use of the above solutions to the underlyispace process with = % A1 =0and) = \.
Without loss of generality, we can fix = 2. Let’s specialize further to the case where

= Kgq(\/%)
(4.1) F(z)=F - aiqu(m)

which leads to a process for the forward pricavith volatility

a

(42) " = R I (VXN

wherez = X (F) is the inverse of the function in equatiof 0. In this family,a andp are positive F is
arbitrary and\ > 2. The functionF(z) maps the half line: € [0, 00) into F € (—oo, F|], whereF(z) is

a strictly monotonically increasing function with¥'(x) /dx = o(F(z))/v(x). This solution region can
be inverted so thaF' € [F', ). This is accomplished by either replaciady —a in equation ¢.1) or

by applying a linear change of variables that mapisto 2/ — F. In this special case, we make use of
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CIR family
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FIGURE 3. Examples of local volatility for the CEV model

the generating function in equatioB.4), with the choicey, = 0, and formula 2.9) reduces to

4.3) U(F’t;FmO):e_/)t—(X(F)+X(Fo))/2tX(F)[I%_l( 2pX(F))]SILl XX |
at L (V20X (R)) t

We note that this density integrates exactly to unityispace (i.e. no absorption).

4.1. Quadratic volatility models. Pricing kernels for quadratic volatility models are readily obtained
as a subset of the above general family with the special choice of parametes. After making the
substitutionf” — 2F — F and setting: = (F — F)/x the transformation functiof’(z) becomes

_ F_ ) Ki(ogyz/2 _ F_F
@.4) Fa)= 7y T sloove/2) Lo (P F)

™ I (o0vx/2) exp(ogy/z) — 1
whereo, > 0. Here, we assume that > F. The inverse transformatiali (F) is given by
(4.5) X(F) = (1/03)log*[1 + (F = F)/(F - F)],

and the volatility functiors(F’) is obtained by insertion into equatio#.®) while using the Bessel func-
tion of orders,

(o)) — =

(4.6) oF) = G F - PE-F)
Inserting the expressiod () into equation 4.3), one obtains the pricing kernel
7U§t/8 — F _F 2 2 2
(4.7) U(F.F,0) = — o = F)Fo = F) oty /2081 i (¢(F°)2¢(F)>
o(F)V2rt\ (F—F)(F—F) ot

where¢(F) = log((F — F)/(F — F)). In the special case of a volatility function with a double root,
i.e.

(4.8) o(F) = 0o(F — F)?

the pricing kernel is computed by taking the limit Bs— F', and one finds

U(F7t7FOaO) = ! (FO _,F‘) e_<(F_F‘)7l_(F0—F)71)2/QUgt
0’0\/% (F — F)3

(49) _e—((F—F)71+(F0—F)71)2/20'gt )
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4.2. Lognormal models. The pricing kernel for the log-normal Black-Scholes model witlt') = oo F'
is a particular case of the above formula for the quadratic model. The derivative with respeat the
quadratic volatility function in4.6), evaluated aF" = F, iso. Taking the limitf' — —oo (or F' << F),
while holding the other parameters fixed, one obtai(&) = oo (F — F). The pricing kernel in4.7)
gives the kernel for the log-normal model in the limit— —oo, i.e.

W exp [ - (1og((Fo ~ F)/(F - F)) - ‘ft>2/203t] ,

4.3. CEV model. The constant-elasticity-of-variance (CEV) model is recovered in the limiting case as
p — 0. Assume\ > 2 and letd > 0 be defined so that = 6! + 2. The transformatiod” = F(x)

(4.10) U(F,t; Fy,0) =

(4.11) F(z) = F + (02z)~ 20"
has inverse: = X (F') given by

(4.12) X(F)=0y%(F-F)™,
for any constanf'. The volatility function for this model is
(4.13) o(F) = %(F — Py,

In the limit p — 0, the Laplace transformy(X (F),0) = 1, which implies that the numeraire change is
trivial in this case. The pricing kernel can be evaluated by substitution into the general fon®ularid
after collecting terms, it turns out to be
=\ L
U b Foy0) = 10 P BN (o)) e
o3t (F — F)3+20
= =\ —6
F—-F)(Fy—F
(4.14) I ( ( i - ) )
oyt

20

This formula was derived in the cagde> 0, for which the limiting valuel" = I is not attained and the
density is easily shown to integrate to unity (i.e. no absorption occurs and the density also vanishes at
the endpointF = F). We note that the same formula solves the forward pricing equatiof for0,

leading to the same Bessel equation of oréi¢26) 1. In the range? < 0, however, the properties of

the above pricing kernel are generally more subtle. In particular, one can show that the density integrates
to unity for all values§ < —1/2, hence no absorption occurs fére (—oo,—1/2). The boundary
conditions for the density can be shown to be vanishing at F (i.e. paths do not attain the lower
endpoint) for alld < —1. In contrast, ford € (—1,—1/2) the density becomes singular at the lower
endpointF = F (hence this corresponds to the case that the density has an integrable singularity for
which paths can also attain the lower endpoint, but are not absorbed). For the specialécase df2

the formula gives rise to absorption. [Note that only for the rethge(—1/2, 0) the above pricing kernel

is not useful since it gives rise to a density that has a non-integrable singulaFity=af’. In this case,
however, another solution that is integrable is obtained by only replacing the @Her by —(260) !

in the Bessel function. The latter solution for the density does not integrate to unity and hence gives rise
to absorption which can be of use to price options in a credit setting.] The special case-ol gives

a nonzero constant value at the lower endpoint, and recovers the Wiener process with reflection and no
absorption on the interval’, co) with

(4.15) U(F,t; Fo,0) = ~(F=Fo)*/205t | e—<F+F0—2F>2/203t).

1
—| €
(To\/27Tt(

5. BARRIER OPTIONS

The original motivation of two of us, C.A. and G.C., as we engaged in this project, was to stream-
line the derivation of pricing formulas for barrier options for our class of financial engineering master
students. The general expression for the pricing kernel in this article gives in fact a simple and straight-
forward derivation of pricing formulas for barrier options, by allowing one to reduce to the case of a
standard Brownian motion in space.
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Consider as an example a down-and-out option with barrier-at H within the Black-Scholes model
with o(F) = oo F. This reduces to the driftless Wiener process with volatility) = v/2, by means of
the transformation where

(5.1) = X(F)=(V2/oo)log F
with inverseF' = F(z) = eo0/V2, Specializing equatior2(9) gives

V2 1 o2
(5.2) U(F,; Fy,0) = —— exp | 5 log(Fy/F) — 2t |w(X (F), ; X (F), 0).
0

The regionz € (—oo,00) maps intoF' € (0,00). A barrier located af = H corresponds tdd =
F(zy) = e70*1/V2 soxy = X(H) = (V/2/o0)log H. The upper regiorf’ € [H, o) maps into
x € [xy,00). Thex-space kernel with absorbing boundary conditiorat xj is obtained by the
method of images, as

1

Vart

Inserting this kernel into the general pricing formula #32j, immediately gives the pricing kernel i
space:

(5.3) u(x, t;20,0) =

(67(17m0)2/4t _ ef(r+a:072:cH)2/4t) )

(5.4) UH(F,t; Fy,0) = U(F,t; Fy, 0) {1 —exp {— log(F/Hllog(FO/H)H
odt/2
whereU (F,t; Fy, 0) is the barrier-free pricing kernel
1 o2 \?
55 U(F,t; Fy,0) = ————— — ( log(Fy/F) — 22t 2%}.
(55) (i) = e exp | = (togF/F) - ) 20

A down-and-out call maturing at tim& and struck at’ > H, has price at tim¢ = 0 given by the
integral

(5.6) CPO(Fy, K,T) :/ dFE UM (F,T; Fy,0)(F — K) .
H

where Iy is the current forward of maturit§’. This integral can be evauated in terms of cumulative
normal distribution functions as follows:

CPO(Fy, K,T) = FoN(di(Fo/K)) —KN(do(Fy/K)) — HN(di(H?/ oK)
(5.7) +(KFy/H)N(d2(H? | FyK))
where

logz + +02T
(5.8) dy(7) = —— 2"~
' U()\/T

anddg(x) = dl(.iﬁ) — O'o\/T.

In the more general case of the other solvable models such as the dual family of 7 parameter models
reducible to the CIR process, one can also obtain analytic closed form solutions for a variety of exotic
payoffs, including simple barrier options. Based on our general results, the derivation of pricing formulas
is straightforward and will be presented elsewhere.
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6. APPENDIX

In this appendix we derive the main formula in sectibrConsider the situation of a generic pricing
measure whereby the process fgrobeys the equation

(61) d.’l?t = /L(.'L't)dt + V(.’I?t)th
for some driftu(x). Then the procesg defined in 2.7) satisfies the equation

. Lo\ 2 .
(6.2) dg = (p — u% + 12 (1{1') — lufll ) gdt + o9gdW
U U 2 4
where
(6.3) e
U

is defined as the log-normal volatility gf Note that in this appendix we write the functiefi (with the
superscripy) to mean the volatility function of the underlying. This volatility is of course a different
function from the volatility functions (F") of the forward price. Note also that here the subscript variable
x stands for differentiation and subscript stands for double differentiation of the function with respect
to x, respectively. Substituting equatic4)

2

(6.4) % ow = Pl — Mig
into this equation, we find that
(6.5) C;—g = (“;Aag + (09)2> dt + a9dW.

To demonstrate that defines a forward price process, consider this equation in the original forward
measure where the forward pri¢efollows a martingale process. In this case, using Ito’'s Lemma on the
mappingz; = X (F};) and equatiori.1we arrive at an SDE of the form in equatidgh 1) with drift given

by
_o(F)? d dX(F) o(F)* d v(z)
(6.6) M@= =5 GF aF T 2 dFo(F)

where the monotonic mappintX (F)/dF = v(z)/o(F) has been used. Using the chain rule for differ-
entiation, and expressing all functions in terms:pfve then have

) a) = F o (£) =5 [ - L]

2 dz\o
wheres = o(F(x)) is the volatility function for the forward pric&'. Hence, by substitution the drift of
g in the forward measure given by equat®® is

w—A 5 vio, 1 G o2\
(6.8) 09+ (09 = | A+ —— — v, | — +v | — ] .
v 2 o 2 U U

By using the volatility function of the forward price defined in terms of the nonlinear transformation in
thez variable, namely

_o [* 2Xw)dy
o2/

_oov(x) v(w)?
©9) N
we find
(6.10) o _Vr 22 2

Substituting into §.8), we find that the drift of; under the forward measure vanishes. Hepaiscribes
a forward price process, as stated.
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Next, consider equatio®(5) again, but this time under the measure having the forgyaihumeraire.
Under this pricing measure the price of riski% and
(6.11) dg = (69)*gdt + o9 gdW.
Comparison with equatior6(5) shows that under this measure the drift of the underlying process
A, as stated. This implies that the representatib) for the pricing kernel is correct and completes the
proof.

We refer the reader interested in gaining further insight into this derivation to our agjcl&lere
we provide a proof of this result, which is more elaborate and fully constructive, and is not based on the
above stochastic analysis argument.
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